> PAN AFRICAN UNIVERSITY

PAU INSTITUTE FOR BASIC SCIENCES, TECHNOLOGY AND INNOVATION

MATHEMATICAL MODELS FOR INFLUENZA A
VIRUS AND PNEUMOCOCCUS: WITHIN-HOST AND
BETWEEN-HOST INFECTION

By

FULGENSIA KAMUGISHA MBABAZI

A Thesis Submitted in Partial Fulfillment of the
Requirements for the Award of the Degree of Doctor of
Philosophy in Mathematics of Pan African University

Institute for Basic Sciences, Technology and Innovation

April 1, 2019

A

Rt



DECLARATION

I, Fulgensia Kamugisha Mbabazi declare that this submission is my own work
towards the Ph.D mathematics and that, to the best of my knowledge it contains
no material previously published by another person nor material which has been
accepted for the award of any other degree of the University or College elsewhere,

except where due acknowledgment has been made in the text.

Signature ..................... Date ....ccovvvvinen.

This thesis has been under our supervision and has approval for submission:

Certified by:

Signature ....................... Date ...
Professor, Joseph Y.T Mugisha

Makerere University,

College of Natural Sciences,

Mathematics Department,

P.0.BOX 7062,

Kampala, Uganda.

Signature ................o...... Date ...
Doctor, Kimathi Mark
Department of Mathematics,
Statistics and Actuarial Sciences, Machakos University,

P. O. Box, 136-90100, Machakos, Kenya.



DEDICATION

I dedicate this research work to my dear parents late Gabrael Rwitoka, Tekyera

Beturumura and Mary Kebita Okuja. May their souls rest in peace.

i



ACKNOWLEDGMENT

I give glory to the Almighty God who has made it possible for me to accomplish
this research and wish to extend my sincere thanks and appreciation to the fol-

lowing people and institutions.

Pan African University Institute for Basic Sciences, Technology and Innova-
tion, Nairobi-Kenya, Busitema University, Tororo-Uganda and Uganda Martyrs

University, Nkozi-Uganda, for the financial support.

My Supervisors Professor Joseph Y.T. Mugisha and Doctor Kimathi Mark for
their dedicated guidance, encouragement, devotion, tolerance and all the necessary
support rendered to me especially in the field of Mathematical Modeling and
Computational Mathematics. May God, bless you plentifully. Professor L.S.
Luboobi, your parental guidance and technical support has been a road mark in

my achievement, be blessed always!

My husband Major Kamugisha Joram Kembo for loving, encouraging, supporting
and accepting me to undertake the programme; may God bless you. My children:
Asea James, Kyokusiima Racheal, Kagaiga Joel and Katungi Emmanuel for the
care, encouragement, prayers, jokes and loving stories you have always offered;
may God guide you to grow into responsible citizens. My friends, thank you
for your support in advising me during the programme and paying visits to my

children. May God reward you abundantly.

il



TABLE OF CONTENTS

DECLARATION i
DEDICATION ii
ACKNOWLEDGMENT iii
LIST OF FIGURES viii
LIST OF TABLES xiii
ACRONYMS XV
NOMENCLATURE xvi
ABSTRACT xXxi
Chapter One: INTRODUCTION 1
1.1 Basic information about influenza A virus . . . . . ... ... .. 1

1.2 Basic information about pneumococcus . . . . . .. ... ... .. 3

1.3 Co-infection of influenza A virus and pneumoccus . . . . . . .. 4

1.4 Attempts to control pneumococcal pneumonia . . . . . . . .. .. 7

1.5 Important definitions . . . . . . . ... ... .. ... ... ... 8

1.6 Statement of the problem . . . . ... ... . ... ... ..... 10

1.7 Study Objectives . . . . . . . . . ... 11
1.7.1 General objective . . . . . . . ... ... L. 11

iv



1.7.2  Specific objectives . . . . . . . ... ... 11

1.8 Justification of the study . . . . . . . .. .. ... 11
1.9 Methodologies for model analysis . . . . . . ... ... ... .. 12
1.9.1 Autonomous system . . . . . ... ..o 12
1.9.2 Stability of steady states . . . . .. .. ... ... ... .. 13
1.9.3  Global stability of steady states (Equilibrium points)-Lyapunov
functions . . . . . ..o 14
1.10 Organization of the Thesis . . . . . . .. .. ... ... ... ... 15
Chapter Two: LITERATURE REVIEW 17
2.1 Introduction . . . . . . .. ... 17
2.2 Within—host Co-infection for infectious diseases . . . . . . . . .. 17
2.3  Mathematical models of infectious diseases, with time delays,

antibiotic resistance awareness and treatment . . . . . . . . . .. 19

Chapter Three: WITHIN-HOST CO-INFECTION MODEL OF

INFLUENZA A VIRUS AND PNEUMOCOCCUS 23
3.1 Introduction . . . . . . . . . ... 23
3.2 Description, formulation and basic qualitative properties of the

3.3

3.4

model . . .. 23
Model assumptions . . . . . . .. ... 25
Basic qualitative properties . . . . . . ... ... L. 28
3.4.1 Positivity of solution trajectories of model (3.1) . . . . .. 28
3.4.2 Boundedness of the solutions . . . . . ... ... ... ... 29



3.5  Well-possedness of influenza A virus sub-model . . . . . . . . .. 30
3.5.1 Computation for influenza A viral fitness (R}) . . . . . . . 32
3.5.2 Stability analysis of influenza A virus steady state . . . . . 34

3.5.3 Global stability of the influenza A virus free steady states 36

3.5.4 Existence of Influenza A virus endemic state . . . . . . .. 39
3.5.5 Pathogen fitness (Ryp) . . . . . . . . . . 44
3.6 Existence and uniqueness of steady states . . . .. ... .. ... 50
3.6.1 Infection-free steady state (IFSS) . . ... ... ... .. 50
3.6.2  Endemic steady state (ESS) . . . . .. .. ... L. 50
3.7 Stability of steady states . . . . ... ... L 52
3.7.1 Local stability of the infection-free steady state (IFSS) . . 52
3.7.2  Local stability of the endemic steady state (ESS) . . . .. 54

3.7.3  Global stability of the infectionfree steady state (IFSS) . 56
3.7.4  Global stability of endemic steady state . . . . . . . . . .. 59

3.7.5  Sensitivity analysis of the model parameters on the pathogens’

fitness . . . .. 65

3.7.6  The impact of pneumococcus on Influenza A virus . . . . . 69
3.7.7 The impact of Influenza A virus on pneumococcus . . . . . 69

3.8 Model results and discussion . . . . .. ... ..o 71

Chapter Four: BETWEEN-HOST PNEUMOCOCCAL PNEU-
MONIA MODEL WITH TIME DELAYS 78

4.1 Introduction . . . . . . . . . 78

vi



4.2

4.3

4.4

4.5

Model formulation . . . . . . . . . ... 78

Model assumptions . . . . . . .. ... 79
4.3.1 Positivity of solutions . . . . . .. ... ... ... ... 81
4.3.2 Boundedness . . . ... ... ... 84
4.3.3 The control reproduction ratio . . . . ... ... ... ... 84
Stability of equilibria . . . . . . . ... ... oL 85
4.4.1 Local stability of the disease—free equilibrium point . . . . 87
4.4.2 The transcendental equation . . . . . . . ... ... ... 88
4.4.3 Delay-freesystem . . . . . .. ... 90
Existence of Hopf-bifurcation . . . . . . .. ... ... ... ... 91
4.5.1 Delay only in latent period (71 > 0,7 =0) . . . ... ... 92

4.5.2 Delay only in seeking medical care by the infectious (7 =

4.5.3 Delay in latent period and seeking medical care ( 77 = 75 =

Chapter Five: MODELING EFFECTS OF ANTIBIOTIC RE-

SISTANCE AWARENESS AND SATURATED TREATMENT

OF PNEUMOCOCCAL PNEUMONIA 111
5.1 Introduction . . . . . . . ..o 111
5.2 Model formulation . . ... ... ... 0o 111
5.3 Model assumptions . . . . .. ... ... L 113

5.3.1 Positivity of solution trajectories in model (5.1) . . . . .. 116

vii



5.3.2 Invariant region . . . . . . .. ..o 117
5.3.3 Existence and uniqueness of the steady states . . . . . .. 117
5.3.4 The basic reproductive number . . . . . . . ... .. ... 119

5.3.5 Local stability behavior of the disease—free steady states . 120

5.3.6  Local stability of endemic steady state . . . . ... . . .. 122
5.4 Global stability of the equilibria . . . . . . . ... ... ... ... 123
5.4.1 Global stability of the disease—free steady state . . . . .. 124
5.4.2 Global stability of the endemic-steady state . . . . . . .. 125

5.4.3 Sensitivity analysis of model epidemiological parameters on

the control reproduction number . . . . . ... ... 127

5.5 Model results and discussion . . . . . . . .. ... 130

Chapter Six: CONCLUSION AND RECOMMENDATIONS 134

6.1 Conclusion . . . . . . . . 134
6.2 Recommendations . . . . . . . . . . ... 135
6.3 Future research direction . . . . . . . . . ... ... 136
REFERENCES 137
APPENDICES 157

viil



1.1

3.1

3.2

3.3

3.4

LIST OF FIGURES

Pathophysiological interactions between influenza and bacterial
respiratory pathogens and various clinical expressions (Metersky et

al, 2012). . ..

A schematic diagram for model (3.1). The dotted lines indicate
cell-pathogen interaction and solid lines with arrows not starting
from the compartments show the release of pathogens from in-
fected cells. The solid lines with arrows show transfer from one

compartment to another. . . . . . . ... ... L.

Simulation of model (3.1), the free-infection steady state, with
populations I, = I, = I, = B =V = 0. The rest of the parameters
are as in Table 3.2 and Table 3.1. . . . . . . . . ... .. ... ..

A weighted simple digraph for influenza A virus and pneumococcus

co—infection . . . . . . ...

Phase potraits for the dynamics of influenza A virus and pneumococ-
cal bacteria, (a) with parameter values n, = 103, n; = 10°, variables
S(0) = 4.8 x 10°, I, = 102, I, = I,, = B = V = 10% and (b) with
parameter values n, = 10% n, = 103, variables S(0) = 4.8 x 10°,
I, =103 I, = 10, I,;, = B = V = 10® and other parameters remain
as in Table 3.1 and Table 3.2. . . . . . ... ... ... .. ... .

X



3.5

3.6

Simulation of model (4.8), global stability for populations of infected
cells (I,) as function of time with parameter values: A = 6.25 x
10°,m=095,n,=10%6,=12x10"27,=12x 1072, 7, = 1.1 X
1074, 8% = 7.3 x 10719 variables I, = I, = B = 103, I,;, = 10* (thus
Rp = 171774 > 1 and R; = 2.4218 > 1), and other parameters

remain as in Table 3.1 and Table 3.2. . . . . . . . . . . .. ...

Simulation of model (3.1)(a) showing chronic levels of infected cells
I, for different values of 3, as function of time with parameter
values:A = 6.25 x 10°, 8, = 1.2x 1074, ny, = 10°,a = 2.0 x 1072,b =
0.6, up = 1.34 x 1072, 7, = 1.102 x 107°, variables; S(0) = 4.0 x 103,
I, =1,=10% I,= B =103V = 107 (thus Rp = 2235.9654 > 1
and R; = 8.6950 > 1). (b) Chronic levels of infected cells I, for
different values of 3, as function of time with parameter values:
npy=10%7,=24x 10733 =73x 1078 3 =41 x1077,7, =
8.6 x 1072, variables; S(0) = 4.8 x 10", I, = 10*, [, = 10%, 7, =
10, B = 105,V = 10* and other parameters remain as in Table 3.1

and Table 3.2, hence R, = 2.2359 > 1 and R; = 86.9477 > 1

72



3.7

3.8

3.9

4.1

Simulation of model (3.1)(a) Global stability of the positive endemic
steady state of co—infected cells (1,5), showing varying values of
maximum number of bacteria alveolar macrophage (m) can consume
(that is m = 60 (R, = 3.7407), m = 80 (Rp = 2.2360), m = 100
(Rp = 1.5945), with variables: S(0) =4.0x 107, I, =T, = I, =
103, B = 10*,V = 10°. (b) Global stability for the co-infected
population with changing effect of phagocytosis rate v, that is
Yo = 8.877 x 107! (Rp=2.2360), 7,=9.877 x 107! (Rp = 1.8927),
Ya=T7.877 x 107! (Rp = 2.7310), with variables I, = 10, I, = I, =
103, B = 10*,V = 10. The rest of the parameters are as in Table 3.1

and Table 3.2. . . . . . . .

Solution trajectories for Epithelial population with variables: (a)a =
0.02,b = 0.6, S(0) = 4.0 x 107, I,(0) = 10*, V(0) = 107, V(0) = 106
(Rr = 0.86967) (b) a = 0,b = 0.6,1,(0) = 105,V (0) = 104(R; =
1.739 x 107), (c)b = 0,a = 0.01 R; = 1.7393 with variables I,(0) =
10°, V(0) = 10*. The rest of the parameters are as in Table 3.1 and

Table 3.2. . . . .

Solution trajectories for Epithelial population with variables: (c)a =
0.02,b = 0,5(0) = 4.0 x 107, 1,(0) = 10%,V(0) = 107,V (0) =
106 (R; = 0.86967) (d) @ = 0,b = 0,A = 6.25 x 10%,5(0) =
4.0 x 10%, 1,(0) = 10*,V(0) = 10°(R; = 17393), The rest of the

parameters are as in Table 3.1 and Table 3.2.. . . . . . . ... ..

A schematic diagram showing the dynamics of pneumococcal pneu-
monia. The dotted lines represent contacts made by individuals in
the respective classes and the solid lines show transfer from one

class to another. . . . . . . ...

el

74

74

75



4.2

4.3

4.4

4.5

4.6

4.7

5.1

5.2

Simulation of model (4.1), the disease—free equilibrium, with pop-
ulations parameters: ¢ = 3.57144 x 107!, 3 = 1.0102 x 107,y =

3.3333 x 1072 (with Ry = 0.7873, Ry = 0.1382, Ry = 0.6490).

(a& b) Stability of the endemic equilibrium showing Hopf-bifurcation,
with initial variables: S(0) = 5586,V (0) = 22,C(0) = 64,1(0) =
11, E(0) = 100. (c& d) The evolution of the infected, the sus-
ceptible and corresponding I-S portrait and 3-D phase trajecto-
ries, (with Ry = 15.4, R§f = 15.14, R§ = 0.271 parameters:;, =
2.0547 x 107, ¢ = 3.574 x 1072. The rest of the parameters remain

fixed asin Table 4.1. . . . . . . . . . . ..

Simulation of model (4.1) for 75 = 0 and 7; > 0, with initial variable
values: (S(0),V(0), E(0), C(0), 1(0)) = (3280, 30, 10, 10, 100). The

rest of the parameters are as in Table 4.1. . . . . . . ... .. ..

Stability of the endemic equilibrium P* for 7 = 7, = 2 days. The

rest of the parameters are as in Table 4.1. . . . . . . .. ... ..

The effect of varying 75 on the dynamics of model (4.1). The delay
Ty was chosen as 7, = 2.5,3,3.5. All other parameters remain as

stated in Table 4.1. . . . . . . . . ...

The effect of varying time delay 7 on the dynamics of model (4.1).
The delay 7 was chosen as 77 = 0.5, 2, 8.5. All the parameter values

are the same as in Table 4.1. . . . . . . . . . . . . ... ... ...

A transition diagram showing the dynamics of pneumococcal pneu-

monia, with 7(I) = 715, g(I) = (81 — 220). . ... ... .. ..

Sensitivity indices of Ry, in relation to epidemiological parameters.

x1i

88

104

105

106

107

108

115

129



5.3 Stability of the disease—free steady state (a) With parameter values
B = 0.0001865 and £, = 0.00046. (b) With parameter values g =
0.0417,v = 0.00145, 5, = 0.046 and P = 0.00007498. Choosing
initial values S, = 103,S, = 24896, = 0,R = 0 and all the

parameter values are the same as in Table 5.2 . . . . . .. .. .. 130

5.4 Stability of the endemic—steady state (a)Initial variables S} =
606,5* = 581,1* = 10,R* = 8. (b) Variables:S* = 40,S* =
20, I* =1, R* = 1 Parameter values = 0.0417,~ = 0.00145, 5; =
0.046 and Sy = 0.00007498. Initial values S,, = 103, S, = 24896, I =

0, R = 0 and all the parameter values are the same as in Table 5.2 131

5.5 Effect of antibiotic resistance awareness and loss of information on

awareness on the control reproduction number . . . . . . . . . .. 132

xiil



3.1

3.2

3.3

4.1

0.1

5.2

LIST OF TABLES

Parameter values for influenza A virus and Streptococcus pneumo-

Parameter values for pneumococcus co—infection models . . . . . .

Sensitivity indices of R;/Rp to parameters of IAV and Pneumo-
coccus (SP), computed at the baseline parameter values given in

Table 3.2 and Table 3.1 . . . . . . . . . . . . ... ... ...
Parameter values . . . . . . . . . . .

Parameters values . . . . . . . . . ...

Sensitivity index (S.I) of Ry w.r.t the parameters . . . . ... ..

Xiv



ODE

DDE

MATLAB

HIV

AIDS

IAV

IBV

ICV

IDV

NA

HA

IPD

AM

PCV’s

SP

SIS

SEI

SIR

SEIR

ACRONYMS

Ordinary Differential Equation
Delay Differential Equation
Matrix Laboratory

Human Immunodeficiency Virus
Acquired Immunodeficiency Syndrome
Influenza A Virus

Influenza B Virus

Influenza C Virus

Influenza D Virus

Neuraminidase

Hemagglutinin

Invasive Pneumococcal Diseases
Alveolar Macrophages
Pneumococcal Conjugate Vaccines
Streptococcus Pneumoniae
Susceptible—Infective—Susceptible
Susceptible-Exposed—Infective
Susceptible—Infective-Recovered

Susceptible-Exposed—Infective-Recovered

XV



NOMENCLATURE

Withinhost co—infection model of IAV and pneumo-

COCCUS

s

Ya

To

Ho

B

O

np

Population density of uninfected cells

Population density of infected cells not yet producing TAV
Density of infected cells not yet producing pneumococcus
Population density of co—infected cells

Total number of influenza A virus

Total number of pneumococcus bacteria

Alveolar macrophage population

Recruitment of epithelial cells from the pool of precursor cells
Natural death rate for uninfected epithelial cell

Bacterial growth rate

Phagocytosis rate

Creation rate of bacterium by infected epithelial cells
Mortality rate of pneumococcus infected cells

Epithelial cell infection rate per bacterium

Toxic death rate due to pneumococcus bacterium

Released pneumococcus particles from lysis of infected cells

Xvi



Ty

U2

Bo

Mo

Hob

Released infectious TAV particles from lysis of infected cells
Free co-infected particles liberated from lysis of infected cells
Epithelial cell infection rate per virion

Infectivity rate of infected cells by pneumococcus with TAV
Infectivity rate of infected cell by TAV with pneumococcus
Loss of TAV due to interaction of uninfected cells with SP
Loss of SP due interaction of uninfected cell with IAV

[AV production rate

Creation rate of co-infected cells

Toxic death rate due to influenza A virus

Mortality rate of influenza A virus infected cells

Mortality rate of co—infected cells

Maximum number of bacteria an AM can catch in a unit time

Xvil



Between—host pneumococcal pneumonia model with

time delays

T1

T2

Number of susceptible individuals at time ¢

Number of vaccinated individuals at time ¢

Number of asymptomatic individuals at time ¢

Number of people with one sero—type not covered by the vaccine
Number of infectious individuals at time ¢

Recruitment rate

Effective vaccination rate

Transfer rate from E to I class

Natural mortality rate from causes unrelated to the infection
Disease—induced mortality rate

Progression rate from C' to [ class

Per capita rate of recovery

Waning rate of vaccine

Proportion of the sero-type not covered by vaccine
Transmission coefficient

Delay for the incubating individual

Delay in seeking medical care

XVviil



A model for the effect of antibiotic resistance aware-

ness and saturated treatment for pneumococcal pneu-

monia

Su(t) Unaware individuals

Sa(t) Aware individuals

I(t) Infected individuals receiving treatment

R(t) Infected individuals but resistant to first line of treatment
N(t) Total population

B Recruitment by birth/immigration

15} Maximal effective contact rate before awareness

1531 Maximal reduced effective contact rate due to media alerts
Ba Contact rate of aware susceptibles with infectives

¥ Rate of relapse encountered in administering treatment

m Efficiency of awareness through media coverage

1) Excess death due to disease

19 Loss of information about disease by aware susceptibles

) Recovery rate due to treatment

D Number of days delayed in receiving appropriate treatment
T Rate of delay to receive appropriate treatment

XX



Probability of acquiring resistance during treatment

Rate at which unaware susceptibles become aware

XX



ABSTRACT

Infectious diseases have become problematic throughout the world, threatening
individuals who come into contact with pathogens responsible for transmitting
diseases. Pneumoccocal pneumonia, a secondary bacterial infection follows an
influenza A infection, responsible for morbidity and mortality in children, elderly
and immuno—comprised groups. The aims of this Thesis are to; develop a mathe-
matical model for within—host co—infection of influenza A virus and pneumococcus,
model between—host pneumococcal pneumonia in order to determine the effect
of time delays due to latency and seeking medical care, and study the effect of
antibiotic resistance awareness and saturated treatment in the control of pneumo-
coccal pneumonia. Analysis of the stability of steady states of influenza A virus
and pneumococcal co—infection, pnemococcal pneumonia with time delays and
antibiotic resistance awareness is done. The graph theoretic method, combined
linear and quadratic Lyapunov functions, Goh—Voltera Lyapunov function are
used to get suitable Lyapunov functions for global stability of steady states. The
results show that the endemic equilibrium of pneumococcal pneumonia is locally
stable without delays and stable if the delays are under conditions. The results
suggest that as the respective delays exceed some critical value past the endemic
equilibrium, the system loses stability and yields Hopf—bifurcation. The results
of influenza A virus and pneumococcal co—-infection show that, there exist a
biologically important steady state where the two pathogens of unequal strength
co—exist and replace each other in the epithelial cell population when the pathogen
fitness for each infection exceeds unity. The impact of influenza A virus onto
pneumococcus and vice—versa yields a bifurcation state. The results show that,
the presence of antibiotic resistance awareness and treatment during the spread
of pneumococcal pneumonia drastically reduces the basic reproduction number

Ry to less than unity, hence the disease could be eradicated.

poel



CHAPTER 1

INTRODUCTION

1.1 Basic information about influenza A virus

Infectious diseases commonly known as communicable diseases, have always be-
sieged animals and humans. Pathogenic microorganisms, such as bacteria, viruses,
parasites or fungi spread diseases, directly or indirectly, from one person to an-
other. Examples of bacterial diseases include pneumococcal, Tuberculosis ; Viral
infections among others include influenza A virus and HIV/AIDS. Of the main
important pathogens affecting humans today are influenza A virus and pneumo-
coccus (Ackleh & Allen, 2003). Infectious diseases are significant and frequently

cause human illness that lead to mortality across the globe.

Influenza commonly known as 'flu’ is an infectious disease caused by a virus
that is categorized in four different types A, B, C' and D (IAV, IBV, ICV and
IDV), but only influenza A and B viruses cause clinically significant human
disease and seasonal epidemics (Ferguson et al., 2015). Influenza is one of the
most studied viral infections, interactions and co—infections for respiratory viruses
in general (Boianelli et al., 2015). It causes yearly chronic epidemic outbreaks,
and individuals become infected several times over their lifetime (Beauchemin &
Handel, 2011). They are distinguished by differences in two major virus surface
proteins; HA and NA (Kamal et al., 2017). There are 16 diverse types of HA and 9
diverse types of NA. Thus there are potentially 144 diverse subtypes of influenza A
viruses (Shi et al., 2010). With these types, virus A is epidemiologically essential
for humans because it can recombine its genes with those of strains circulating in

animal populations (birds, swine and horses).



Influenza is highly infectious, transmitted through contact with droplets from the
nose and throat of an infected person who is coughing and sneezing (Krishnapriya
et al., 2017). Influenza A is a short-lived infection with an incubation period
of approximately 2 days with viral shedding in respiratory secretions starting
approximately 1 day before the onset of symptoms (Carrat et al., 2008). The
typical pattern of virus kinetics is characterized by fast exponential growth, with
climax in viral load up to 1-3 days post infection, followed by a decline over the

subsequent 3-5 days (Chang & Young, 2007).

IAV has been observed to be a significant threat to public health, giving rise to
15-65 million infections and more than 200,000 hospitalizations each year during
seasonal epidemics in the United States (Smith & Smith, 2016). Influenza-related
acute lower respiratory infection is responsible for at least 28,000 to 111, 500
deaths in children less than 5 years old accounting for more than 90% of deaths
due to influenza in young children in developing countries (Nair et al., 2011). The
outbreaks reported as the Asiatic Flu (H2N8) (1889-1890), Spanish Flu (HIN1)
(1918-1920), Asian Flu (H2N2) (1957-1958), Hong Kong Flu(H3N2) (1968-1969)
and the swine Flu (HIN1) of (2009) revealed a high morbidity and mortality rate
Boianelli et al. (2015); Rynda-Apple et al. (2015); Pawelek et al. (2016) of whom,
over 50% of the people who died showed histologic and microbiologic evidence of
bacterial pneumonia (Joseph et al., 2013). The 1918-1919 epidemic was among
the deadliest public health crises in human history, killing approximately 675,000
people in the United States and about 50 to 100 million people worldwide (Cher-
tow & Memoli, 2013). In 2003, avian influenza A virus subtype (H5N1) caused
human deaths and massive poultry die—offs globally, including west and north
Africa (Katz et al., 2012; Radin et al., 2012). An outbreak of H7N9 bird influenza

occurred in China between February 2013 and May 2014, 400 infected human

2



cases by this avian H7N9 virus were reported to have contracted the virus from
exposure to live poultry or potentially contaminated environments, especially

trading markets where live poultry was sold for food (Xing et al., 2017).

1.2 Basic information about pneumococcus

Pneumococcus is the classic example of a highly invasive, gram—positive, extracel-
lular bacterial pathogen that colonizes the upper respiratory tract, which includes
the nose, nasal cavity, pharynx, and larynx (Henriques-Normark & Tuomanen,
2013). Viruses that appear the nasopharynx of asymptomatic individuals can
facilitate both colonization of bacteria and promote viral presence (Bosch et
al., 2013). Pneumococci are different, with 90 recognized sero—types; several of
these serotypes are capable of causing invasive disease (Chertow & Memoli, 2013).
Pnemococcus cause the following types of illnesses depending on the affected
part of the body: IPD such as meningitis, bacteremia and bacteremic pneumo-
nia; lower respiratory tract infections (e.g., pneumonia), and upper respiratory
tract infections (e.g., otitis media and sinusitis) (Lamb et al., 2011; Bichara et
al., 2012). Pneumococcal infections may follow a viral infection, like a cold or
flu (influenza) (Mbabazi et al., 2018). The wide spread of the disease may be
promoted by potentially asymptomatic persons Sun et al. (2015); Li et al. (2016)
and an individual remains in the exposed class for a certain latent period prior to

becoming infective (Cooke & Van Den Driessche, 1996; Xu & Ma, 2010).

Pneumonia is the most common form of severe pneumococcal disease, accounting
for 15 % of all deaths of children under 5 years and killing an estimated 922,000
in 2015, and is the leading cause of death in this age group (Waheed et al., 2016).

Death due pneumonia is attributed to bacterial infections, mostly Streptococcus



pneumonia (32.7%) and Haemophilus influenzae (15.7%), influenza viruses add
considerably, accounting for 7% of all severe pneumonia episodes and 10.9% of
pneumonia deaths (Mina & Klugman, 2014). According to Walker et al. (2013),
1.3 million (81%) of death are associated with pneumonia that occurs in the first
2 years of life. Worldwide, pneumococcal pneumonia disease continues to be a
major cause of morbidity and mortality in persons of all ages and the leading
cause of bacterial childhood disease, despite a century of study and the develop-
ment of antibiotics and vaccination (Dominguez et al., 2017). With an estimated
14.5 million episodes of serious pneumococcal disease occurring each year among
children under 5 years of age, resulting in approximately 500,000 deaths, most of
which occur in low and middle-income countries (O’Brien et al., 2009; Rodgers &

Klugman, 2016; Iroh Tam et al., 2018).

1.3 Co—infection of influenza A virus and pneu-

moccus

Influenza A virus and pneumococcus are pathogens that cause epidemics of re-
current infections driven by seasonality (Weinberger et al., 2014). Influenza A
virus and pneumococcus co—infections manifest in difficult—to—treat disease pro-
cesses that require extensive antimicrobial therapy and cause significant excess
mortality (Mina & Klugman, 2014). During influenza infection the resident AM
depletion takes place and this creates a position for secondary pneumococcus
infection by altering early cellular innate immunity in lungs, that results into
pneumococcal development and lethal pneumonia (Ghoneim et al., 2013). In
the process of co-infection by the same host, highly virulent viral strains play
the role of colonizers, because they kill cells faster and thus reproduce faster,

which allows faster spread and colonization of new cells (Ojosnegros et al., 2012).



Competition in the host occurs when different pathogens selects for the fastest
replicating strain which could be more virulent (Ackleh & Allen, 2003; Bichara
et al., 2012). At population level an intermediate replication rate that maxi-
mizes transmission takes place (May & Anderson, 1983). Of the 317 pediatric
deaths that occurred in the United States from April, 2009 to January, 2010
showed, 28% evidence of bacterial co—infection, predominantly streptococcus
aureus and pneumococcus (Cox et al., 2011). The interaction of influenza and

bacterial respiratory pathogens and various clinical outcome is shown in Figure 1.1.

Control strategies have been instituted in an effort to fight the co-infection.
Vaccines against bacterial pathogens can reduce the co—infection element, but
their efficiency is limited to the vaccine serotypes (McCullers, 2011; Mina et al.,
2013; Metzger et al., 2015). Vaccines for influenza A virus and pneumococcus
are not effective because they do not include pandemic strains and offer little
protection against viruses with novel coat proteins (Cauley & Vella, 2015; Mc-
Cullers, 2006). Watanabe et al. (2012) and Belser et al. (2011) reported increasing
frequent infections due to new strains of avian influenza virus (including H5N1
and H7N9), stressing the possibility that another pandemic could arise. Emphasis
on development of new and effective vaccines that target drug-resistant strains

during secondary infection should be given priority (Chung & Huh, 2015).

Treatment with antimicrobial agents may also reduce infection progress and
eliminate secondary bacterial infection incidence (McCullers, 2004; Ghoneim et

al., 2013).
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Figure 1.1: Pathophysiological interactions between influenza and bacterial respi-
ratory pathogens and various clinical expressions (Metersky et al., 2012).



1.4 Attempts to control pneumococcal pneumo-
nia

Pneumococcal pneumonia is preventable through vaccination, diagnostic testing,
environmental control measures, and appropriate treatment (Kizito & Tumwiine,
2018). Vaccination is a highly efficient means of preventing diseases and death
(Rémy et al., 2015). Decrease of IPD has been managed by PCV’s, and they are
among the many ongoing control interventions of vaccine successes around the
world. One dose of vaccine does not protect all receivers because vaccine-induced
immunity is lost after some period of time (Gjorgjieva et al., 2005; Samanta et al.,

2016).

Mass media plays a vital role in changing behavior related to public health
(Redman et al., 1990). Enhanced levels of awareness, for example: practice of
better hygiene, voluntary quarantine, application of preventive medicine or vacci-
nation and avoidance of places containing large numbers of people may reduce
the spread and contraction of the disease (Greenhalgh et al., 2015). The spread
of an infectious disease is reported by the media, such as television programs,
newspapers, radio or online social networks, whenever it outbreaks. Daily updates
and reports about infections and mortality have significant effects on the necessity
of control of an epidemic (Liu et al., 2016). Campaigns mainly focus on increasing
individual’s knowledge about disease transmission and control measures that
may reduce likelihood of being infected (Misra et al., 2011). Mathshidiso (2018)
described antibiotic resistance as a grave threat to future of global health as World
Health Organization joined the global community to observe the World antibiotic
awareness week from 12th—18th November 2018, with the overall theme "Think

Twice’.



Epidemiological data of influenza A virus—pneumococcal co—infection is major
challenge. Yet, modeling studies have been limited by the poor knowledge about
respiratory viruses and bacteria circulating in the community, especially because
little is known about prevalence, incidence, at risk populations, and even epidemic

profiles in different populations (Opatowski et al., 2018).

During co—infection of the same host highly virulent viral strains play the role of
colonizers, because they kill cells faster and thus reproduce faster, which allows
faster spread and colonization of new cells (Samuel et al., 2012). Concurrent
infection with multiple pathogens as for the case of influenza A and pneumococcal
greatly contribute to disease severity especially with supper—infections of the lung
and middle ear (Greenhalgh et al., 2015). Multiple infections cause intra—host
competition among strains and thus lead to an increase in the average level of
virulence above the maximal growth rate for a single pathogenic strain (Bosch et
al., 2013). Further, co-infections are believed to reduce treatment efficacy and

increase treatment costs (Griffiths et al., 2014).

Individuals continue to practice self medication Resti et al. (2009); Pajuelo et al.
(2018), which leads to delays in the administration of adequate antimicrobial treat-
ment, increase resistance to antibiotics that lead to increased hospital mortality

(Kollef et al., 1999).

1.5 Important definitions

Pathogen fitness: is the number of secondary infections generated during the

whole infectious period (Ciupe & Heffernan, 2017).



Basic reproductive ratio number: is the number of new infections generated
in the lifetime of an infected individual when introduced into a completely suscep-
tible population (Ojosnegros et al., 2012).

Co—infection: A processes where either multiple parasite strains or species infect
a single host (May & Nowak, 1995).

Multi—parasite hosts: Single host species exploited by several concurrent para-
site species, either during their whole life cycle or during a given stage within it,
at both the individual and population levels (Rigaud et al., 2010).
Mathematical model: is a set of formulas and/or equations based on a quan-
titative explanation of real phenomena and formed in anticipation that the
behavior it predicts will be similar to the real behavior on which it is based.
Hopf-bifurcation: is a critical point where a system’s stability switches and a
periodic solution arises.

A differential equation: is an equation which involves an unknown function
f(x) and at least one of its derivatives.

A Lyapunov function: is a scalar function defined on the phase space, which
can be used to prove the stability of an equilibrium point.

A graph G = (V(G), E(G), G(.)) is a pair of sets V(G) and E(G) and an inci-
dence relation G(.) that maps pairs of elements of V/(G) (not necessarily distinct)
to elements of E(G) (Kandel et al., 2007).

A directed graph, or digraph, G:, is a set of vertices V(G), a set of arcs A(G),
and a function which assigns each arc A an ordered pair of vertices (i, j) (Din et
al., 2016).

In—degree d~G(i) of vertex i: is the number of arcs (p, ), p € V that terminate
at V.

Out—degree d*G(i) of vertex i: is the number of arcs (i,p), p € V that start
at V (Shuai & Driessche, 2013).

Delay differential equations: At time ¢, evolution of the system depends on ¢,



current state of the system and state of the system some time 7; > 0 in the past
= f(z(t),z(t —m),z(t — T2),...,2(t — 7,)); where the quantities 7; are positive

constants (Kuang, 1993).

1.6 Statement of the problem

Pathogens are everywhere, affect every feature imaginable in life of their hosts
including fitness. Influenza A virus and Pneumococcus cause viral pneumonia
and bacterial pneumonia respectively, these are silent killer diseases of children
under 5 years of age and the elderly whose immune system might be compromised.
The incidence is grave when an individual is co—infected by both diseases leading
to a viral-bacterial pneumonia. If an individual initially has a viral pneumonia,
delay in the latency stage increases the possibility of acquiring a viral-bacterial
pneumonia. Failure to take prescribed medicine on time and continuous practices
of self medication due to medicines disposal in pharmacies by infected individuals
escalates the cost of treatment and increase fatalities. Infected individuals delaying

to seek medical care expose individuals severe cases that may be hard to treat.

Antibiotic resistance and ineffective treatment of infections are a serious and
a growing problem. It is worse in developing where herbs are used to treat the
infections. Infected individuals usually relapse and become infected with new
resistant strains that are hard to treat and involve high costs.

Mathematical techniques can be used to study the ffects of co—and various control

interventions.Increase in antibiotics resistance lead to increased hospital mortality.
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1.7 Study Objectives

The research objectives are classified into general and specific objectives respec-

tively

1.7.1 General objective

To mathematically study the dynamics of both within—host influenza A virus and

pneumococcus co—infection, and between—host of pneumococcal pneumonia.

1.7.2 Specific objectives
The specific objectives of this study are:

(i) To develop a model of within—host co-infection of IAV and pneumococcus

(ii) To design a mathematical model for pneumococcal pneumonia that deter-

mines the effect of time delays due to latency and seeking medical care

(iii) To determine the effects of antibiotic resistance awareness and saturated

treatment in the control of pneumococcal pneumonia

(iv) To determine severity of IAV and pneumococcus co—infection to a host

1.8 Justification of the study

Over the years mathematical modeling has been extensively used to analyze
the dynamics of various infectious diseases for example; HIV, Malaria, cholera,

Tuberculosis, dengue fever, influenza, ebola, of recent zika fever and many others.

11



Mathematical models are extremely important, they help in increasing the under-
standing of the dynamics of diseases and provide policy directions for interventions.
Interactions between pathogens in the host may cause considerable effects on both
host and parasite fitness through host vulnerability, infection length, infection

intensity, morbidity and mortality rates (Lakshmikantham et al., 1989).

Influenza A and pneumococcal are two infectious diseases of global concern
and are two of the many medical conditions responsible for pneumonia illness in
tropical and subtropical regions affecting children and the elderly that lead to
death if untreated. Understanding the within—host dynamics is paramount to

inform health workers on how best dual infections can be prevented and controlled.

1.9 Methodologies for model analysis

In this work, models of within—host of influenza A virus and pnueococcus, and
between—host pneumococcal pneumonia are analyzed using various techniques

described in the subsections that follow

1.9.1 Autonomous system

Let x to be the state of a dynamical system. A deterministic model that involves

x is given by:
i = f(e,t,0) (L1)

with z € R", t = time and A = the parameters upon which the evolution of the

system depends.

12



In this thesis models are represented by autonomous systems written in the form:

i = f(2) (1.2)

with = (21, 29,...,2,) and & = fl—f (point—wise time—derivatives of the state
variable )

Description of a biological systems in a given dynamical system is given as; A
system of differential equations is a collection of n interrelated differential equations

of the form

jjl = fl(t7x17x27x37"'7xn)7
iQ = fQ(t7$17x27x37"'7xn)7
:tn—l == fn—l(t>$lax2ax37"-axn)a
Tn = folt,r1,29,23,...,2). (1.3)
Where the functions f; are real-valued functions of the n+1 variables x1, z, . .., Ty,

and ¢t and assume that thef; are C*° functions (M. W. Hirsch et al., 2012).

Therefore, the partial derivatives of all orders of the f; exist and are continuous.

1.9.2 Stability of steady states

Steady states (equilibrium points) of dynamical systems: A state Z is said to
be a steady state of the model if f(z) = 0. Mathematical models are becoming
more and more complicated when higher degree of nonlinearity is believed to
address real-world problems. Locating explicit solutions of these models is difficult.
Despite the fact that numerical simulations may provide good approximations

to solutions with fixed parameters, the general solution may remain unidentified.
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When a general solution is impossible to achieve, stability analysis may be an
option to get a logic solution of the dynamical system’s behavior. Actually, stability
analysis can forecast the long time behaviour of the dynamical system’s solution
accurately. Broadly, there are two types of stability analysis, local and global.
Local stability deals with behaviour of the dynamical system’s solution near a
steady state (equilibrium point), while global stability explains the dynamical
system’s solution behaviour in the entire region.

The Jacobian matrix of a dynamical system is given by:

aft oft _oh  oh
ox1 Oz et OTn_1 OTn
on  on of op
Ox1 Oxo T OTpn—1 Oxn
8fn—l 8fn—l 8fn—l 8fn—l
ox1 0z ot OTpn_1 OxTn
9fn  Ofn O O
ox1 Oz ot OTp_1 OTn

1.9.3 Global stability of steady states (Equilibrium points)-Lyapunov

functions

Let the autonomous systems

= f(z)
d;
C;j; - fi(xlax% 7xn)7Z:1727 y 1y
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with steady state (E£*).
Suppose a continuously differentiable function is given by: V(z) = V(xy, 29, ..., z,)

We define a total derivative

v _oVde  OVdr, o OV d,
dt  Oxy dt Oy dt ox, dt

(1.5)
Examples of Lyapunov functions include:

(i) The logarithmic Lyapunov function by Goh for Lotka—Voltera systems

L(l’l,l'g, R 7xn) = Z?:l Ci(xi - Z’j - x: h’l%)

7

(ii) Common quadratic Lyapunov function for nonlinear and linear functions

V($1,$2,x3, s 75571) = Z?:l %(xl - 33;)2

(iii) Composite—Voltera function

n

W (a2, 0) = e SO0 (s — 27) = S0 wln a2 ).

1.10 Organization of the Thesis

This thesis is organized as follows:
In Chapter 1, the basic information about influenza A virus, pneumococcus,
co—infection of influenza A virus and pneumococcus, and attempts to control

pneumococcal pneumonia is given. The methods used in the study have also been

highlighted.

In Chapter 2, the mathematical framework of other scholars is presented. The
review includes; Within—host Co—infection for infectious diseases and mathemati-

cal models of infectious diseases, with time delays, antibiotic resistance awareness
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and treatment

Chapter 3 presents a nonlinear mathematical model for a within—host co—infection

of influenza A virus and pneumococcus.

In Chapter 4, a between—host model of pneumococcal pneumonia with time

delays is proposed and analyzed.

Chapter 5, presents a mathematical model of pneumococcal pneumonia for the

effect of antibiotic awareness and saturated treatment.
In Chapter 6, conclusions and recommendations are given. In the Appendices,
important equations, computations and codes that were used to arrive at the

results are given. In all models qualitative and numerical analysis are done.

To this end, the next chapter gives an overview of studies done by other re-

searchers that use mathematical techniques in modeling infectious diseases.
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CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

Mathematical modelling is one of the most useful tools to explore the inner
mechanism of disease outbreak and spread of infectious diseases, and has been
extensively used to study different types of epidemics, for example; human im-
munodeficiency virus (HIV) and tuberculosis, cholera, influenza A, hepatitis B
(Gakkhar & Chavda, 2012; Sun et al., 2017; Krishnapriya et al., 2017; Khan et
al., 2018). Deterministic models have a long history of being applied to the study
of infectious disease epidemiology (Roberts et al., 2015). This Chapter presents
the mathematical framework and literature/theoretical review. The theoretical
review covers the contribution of other scholars on within—host co—infection of

influenza A virus—pneumococcus and the dynamics of pneumococcal pneumonia.

2.2  Within—host Co—infection for infectious diseases

Within—host interaction can sustain co—existence of various parasite strains in a
population (Bosch et al., 2013; Mosquera & Adler, 1998). Within-host models are
dynamical models that represent and explain the interaction of the pathogen with
the host reproduction machinery or immune defenses within a single host individ-
ual (Martcheva et al., 2015), thus enhance our understanding of the mechanistic
interactions that govern acute infections with pathogens such as Influenza A virus
and pneumococcus (Ciupe & Heffernan, 2017). The within—host models can be
categorized into three groups: models that describe the pathogen reproduction

process within—host; models that describe the pathogen interaction with the
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immune responses; and models that include both the replication of the pathogen

and the immune responses.

Erwin (2017) investigated the mechanisms behind diseases and the immune re-
sponses required for successful disease resolution. Hadjichrysanthou et al. (2016),
formulated a simple within—host model of viral dynamics and investigated the
within—host dynamics of influenza A virus infection in humans. The Bedding-
ton—DeAngelis functional response in Beddington (1975) and DeAngelis et al.
(1975) is used to model the viral course with healthy target cells because rela-

tionship between virus and host cell is nonlinear. The Beddington—-DeAnglis

ar1T2

m), where a = a saturation constant, b = mutual

functional response (
interference term, x; and x5 represent species in the interaction and a=rate
constant describing infected cells in parasite-host interactions. Huang et al. (2009)

used Beddington—DeAngelis functional response in describing the infection rate

between HIV—1 virus and CD4-CT cells.

Cheng et al. (2017) used a probabilistic approach to derive a within—host dynamic
model of co-infection with influenza A virus and SP integrated with dose-response
and found out that the day of secondary SP infection had much more impact
on the severity of inflammatory responses in pneumonia compared to the effects

caused by initial virus titers and bacteria loads.

A study by Shrestha et al. (2013), explored an immune-mediated model of
the viral-bacterial interaction that quantifies the timing and the intensity of
the interaction. Results predicted that with pneumococcal bacteria introduced,
following influenza infection during a 4-6 day window yields invasive pneumonia at
significantly lower innoculum size than in hosts not infected with influenza. Other

studies done on within—host influenza A virus and pneumococcus co—-infection
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include: Smith (2017); Smith & Smith (2016) and demonstrate a practical under-
standing of the dynamics for influenza A virus and pneumococcal co—infection in
animals. At population level co-infection models of Hussaini et al. (2016); Lawi et
al. (2013); Nthiiri et al. (2015), provide an understanding of important biological

parameters responsible in disease development.

Smith et al. (2013) described the co-dynamics of viral-bacterial infection. How-
ever, the model system doesn’t include the model equation of co—infected cells,
yet it is an important subsystem that helps in showing which pathogen survives

during the interaction of the two pathogens.

2.3 Mathematical models of infectious diseases,
with time delays, antibiotic resistance aware-

ness and treatment

During treatment of pneumonia, microorganisms occasionally persevere, emerge
or re—merge despite of good clinical responses. Thus, recovered individuals may
relapse and return to the infective class (Kiem & Schentag, 2013). The recurrence
of disease is a significant feature of some animal and human diseases; for example,
malaria, herpes, tuberculosis in both humans and animals (Van Den Driessche et
al., 2007). Patients with HIV/AIDS commonly have a recurrence of pneumococcal
bacteremia due to pre—existing drug resistance (Zuo & Liu, 2014; Agaba et al.,
2017). Pneumococcal pneumonia patients infected with chronic diseases such as
HIV/AIDS, are more likely to relapse compared to individuals without chronic

diseases (Campo et al., 2005).
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In events of acute side effects, patients tend to discard their treatment, only
to return to the hospital with persistent infections of a more virulent and resistant
strain of the bacteria (Okeke et al., 1999). To control antibiotic resistance, vaccines
have been proposed as an essential intervention, complementing improvements in
antibiotic stewardship and drug pipelines (Atkins et al., 2017). Disease appropri-

ate awareness in a population can control an infection efficiently (Levy et al., 2017).

Time delays are significant in the transmission process of epidemics and arise due
to delayed feedback especially the period for waning vaccine-induced immunity,
latent period of infection, the infectious period and the immunity period (Rao &
Kumar, 2015). Among the mathematical tools currently used, delay differential
models with time delay have attracted attention in the field of science especially
modeling infectious diseases. Delays change the dynamical systems’ stability by

giving rise to Hopf-bifurcations (Zhao & Zhao, 2017).

Rao & Kumar (2015) proposed a model for infectious diseases spread having
susceptible, infected and recovered populations, and observed that incubation
delays have influence on the system even under enhanced vaccination. Zhao &
Zhao (2017), proposed an SIR epidemic model incorporating media coverage with
time delay, and the results showed that the time delay in media coverage affects
the stability of the endemic equilibrium and produces limit cycle oscillations when
the basic reproduction number is greater than unity. Zhao et al. (2014), proposed
an SIRS epidemic model by incorporating media coverage with time delay, the
results showed that time delay in media coverage could affect the endemic equi-
librium giving rise to a family of periodic orbits bifurcating from the endemic
equilibrium when the time delay increases through a critical value. Misra et al.
(2012) used a mathematical model for the control of cholera epidemic, to show

that the disease may be controlled by spraying insecticides but a longer delay in
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spraying insecticides may destabilize the system.

An SIS model that divides the susceptible class into two subclasses: aware suscep-
tible and unaware susceptible due to individuals’ behavioral changes because of
media coverage influence was used to investigate the effect of awareness coverage
and delay in controlling infectious diseases (Al Basir et al., 2018). The results
showed that the disease—free equilibrium is stable if the basic reproduction number
is smaller than unity and the endemic equilibrium exhibits Hopf-bifurcation, in

both delayed and non-delayed system, whenever it exists.

A research by Al Basir (2018), on the dynamics of infectious diseases with media
coverage and two time delays; one for the time lag in reporting number of infected
individuals and another for the delay between the awareness campaign and the
time of taking measures by susceptible individual. The author noted that if the
number of campaigns due to the awareness program is increased then the disease
transmission amongst the susceptible population declines. However, if both delays
increase, the system shows limit cycle oscillations, which pose a challenge to
control the epidemic. Lu et al. (2017), conducted a study about the impact of
media coverage on spread and control of infectious diseases using an SEI model,
including individuals’ behavior changes in their contacts due to the influences of
media coverage. The results showed that, the media coverage may decrease the

peak value of the infectives’ or the average number of the infectives in various cases.

The above studies have considered mathematical models of infectious diseases in
an attempt to suggest strategies that can reduce the disease incidence in human
populations. Nonlinear ODE’s and DDE’s are considered. The total population
is subdivided into susceptible, infective, vaccinated, carrier, treated and recov-

ered. However, none of them has done a study about within—host model for the
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co—infection of IAV and pneumococcus that has a subpopulation of co—infected
cells and a Beddington DeAngelis functional response (infection rate). To the
best of our knowledge no study has undertaken the dynamics of pneumococcal
pneumonia with time delays in the latency and infective subpopulations. Further,
no study has been conducted about pneumococcal pneumonia with subdivided
susceptible and infective subpopulations, with antibiotic resistance awareness and
saturated treatment. This is why we are motivated to undertake this study to

bridge the existing gap.

In the next Chapter, a within—host co—infection of IAV and pneumococcus model

is constructed, analytically and numerically analyzed, with an aim of finding out

the most virulent pathogen.
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CHAPTER 3

WITHIN-HOST CO-INFECTION
MODEL OF INFLUENZA A VIRUS
AND PNEUMOCOCCUS

3.1 Introduction

Co—infection typically means two or more pathogens infecting the human (or
animal) host, but nature is full of surprises and one clinically important type of
co—infection turns out to involve viral infection of the principal pathogen (McArdle
et al., 2018). Humans and animals are continuously exposed to multiple potential
pathogens. Most people are chronically or latently infected (be it with virus,
bacteria, fungi), and usually carry possible pathogens in their colonizing microbial
flora (Pradeu, 2016). This implies that almost every new occurring infection,
probably constitutes sort of a co—infection. A frequent problem of respiratory
viral disease can be secondary bacterial infection. Bacterial co/secondary bacterial
infection, as the name suggests, is a bacterial infection that occurs during or after

an infection from another pathogen, commonly viruses (Morris et al., 2017).

3.2  Description, formulation and basic qualita-

tive properties of the model

We formulate a within—host co—infection of influenza A virus and pneumococcus
model. The epithelial cell population at time ¢, represented by NV, is sub—divided

into four mutually compartments consisting of uninfected cells (), infected cells
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with influenza A virus, (1,)) infected cells with pneumococcus (1), co-infected cells
(I5). The pathogen population is sub—divided into two subclasses: pneumococcus
(B) and influenza A virus (V). Uninfected cells S are recruited from the pool of
precursor cells at a constant rate A and have a natural death rate p;. The infection
rate by influenza A virus is the Beddington—-DeAngelis functional response, and
infection rate by pneumococcus is 8, B per cell. The infected cells with influenza A
virus, have increased death rate y,,. The infected epithelial cells with pnemococcus
(1), have a contact between pneumococcus and uninfected epithelial cells that
occurs at a rate proportional to both their incidences and have increased death

rate up. The co—infected epithelial cells (7,;), have increased death rate ..

Pneumococcus proliferate logistically at a maximum rate r, with a tissue car-
rying capacity K.‘The growth rate approaches zero when the bacterial culture
approaches the value of the capacity B = K’. Pneumococcus have increased
bacterial loss due to increased toxic death d,, and infection resulting from the

interaction of uninfected epithelial cells with influenza A virus «,. The pneumo-

mA

A5 Where m is the maximum

coccus is decreased at a ratio-dependency term
number of bacteria an Alveolar macrophage can catch in a unit time ¢, and h is a

handling time for the alveolar macrophage.

Influenza A virus (V') are maintained by both the production of influenza A
virus infected epithelial cells, 7,n, from I, lysis of infected epithelial cells, 7,1
from I, lysis of co—infected cells. Influenza A virus have increased viral loss
due to toxic death (d,) and infection resulting from the interaction of uninfected
epithelial cells with pneumococcus 4. The infected epithelial cells release n,,, ny

and n,, virions during their life time.

The mathematical model in this study, adopts a nonlinear incidence of the Bedding-
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ton—-DeAngelis functional response, where the contact rate depends on saturation

and mutual interference factors and mass—action incidence. The Beddington

BuSV.

Trestov> Where b

DeAngelis response term adopted in this model is of the form
is a measure of inhibition effect due to treatment like oseltamivir neuraminidase
by infected individuals and a is a measure of inhibition effect, such as preventive
health care taken by susceptible individuals for disease prevention, as opposed to

disease treatment, the Beddington DeAngelis response term can be used to derive

other important response terms by setting some parameters to zero for example;

(i) Setting a =b =0, yields f(S,V) = 3,5V, commonly known as a standard
bilinear form (Zhonghua & Yaohong, 2010).

(ii) Setting b = 0, gives f(S,V) = fﬁ‘é, described as the saturated incidence
rate with respect to the susceptible individuals. The inhibition effect due to
the saturation factor arises because of the preventive health care precautions

to control the spread of the epidemic (Korobeinikov & Maini, 2005).

(iii) Setting a = 0, then f(S,V) = fjj“;, known as saturated incidence rate

with respect to the infected individuals (Xu et al., 2015). Under such
circumstances, the contact between infective and susceptible individuals may
saturate at high infection level due to congestion of infective individuals or

due to protection given to susceptible individuals (Laarabi et al., 2012).

3.3 Model assumptions

The following assumptions are stated to guide in the development of model

equations:

(i) The interaction within—host is between IAV and pneumococcus pathogens

and the target cells
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(ii) A typical viral/bacteria pathogen replicates within the machinery of host

cells called the target cells

(iii) The infection in a given population is spread only by free pathogens: [AV

and pneumococcus bacteria

(iv) The bacteria population (B) have a logistic growth because there are limits

to growth in all known biological systems.
(v) The pneumococcus population is phagocytosed by alveolar macrophages

(vi) Co-infection in the epithelial cell population is due to IAV and pneumococ-

cus.

Within—host model deals with interaction of cell and pathogen populations, there-
fore, the associated state variables and parameters are positive. The related state
variables and parameters of the model are given in the Nomenclature, and the

transition diagram for the model is given in Figure 3.1.
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Figure 3.1: A schematic diagram for model (3.1). The dotted lines indicate
cell-pathogen interaction and solid lines with arrows not starting from the com-
partments show the release of pathogens from infected cells. The solid lines with
arrows show transfer from one compartment to another.

where f(S,V) = 1 ﬁfgfbv is the Beddington—DeAngelis functional response

and f(£) = A’i‘% is the ratio-dependency term.
From Figure 3.1 we get a system of nonlinear differential equations by the balance
law of compartments stated as: rate of change=inflow transition rate—outflow

transition rate that is: X = sum of inflow transition rates— sum of outflow

transition rates, hence we have

BuSV

g et B—

S 1+aS+bV BSB = 55,

. B,SV .
i, = —22" (5B I

v T Tras oy BB m)L,

Iy = BySB— (u,+ B:V)I, (3.1)

Iy = BLV 4 Bi1,B — ppl,
YamAB
A+ hB

V = Tvnv[v + 7—'vbnvb[vb - (Odb + 5’0)V

. B
B = rB <1 — ?) _'_Tbnblb — (Oév + (Sb)B,
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with initial conditions S(0) = Sy > 0, [,(0) = I,0 > 0, [,(0) = Lo > 0,
]vb(()) = Lo = O7B(O) - BO > O7V(0) = Vb > 0.

The model was built on the previous work of Smith (2017), by incorporating
important epidemiological and biological features of each infection. The major
inputs are: the sub—population compartment for influenza A virus and pneu-
mococcus co—infection, a Beddington—DeAngelis nonlinear incidence term, the
ratio—dependent term because bacteria grow rapidly for initial doses that would
be rapidly cleared in the absence of virus, the recruitment of healthy epithelial
cells, toxic death rates to each class and number of infectious particles released

from lysis of infected cells.

3.4 Basic qualitative properties

3.4.1 Positivity of solution trajectories of model (3.1)

In this Section, the existence of non—negative solutions for all time 0 < ¢ < oo
is shown by contradiction. Given that values of the state variables the are

non-negative, that is
S(0) >0, 1,(0) > 0, I,(0) > 0, I,(0) > 0, V(0) > 0, B(0) >0,
the variables remain so V¢ > 0. That is S(¢) > 0, I,(t) > 0, I;(t) > 0, L(t) > 0,

V() >0, B(t) > 0.

Suppose, the following possibility at a given time hold:

(i) t; is such that S(t;)=0 and S(t;) < 0 whenever; I,(t) > 0, L(t) > 0,
Iy(t) >0, B(t) >0 and V(t) > 0 for 0 <t < t;.
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From possibility (i) and model (3.1) we obtain

S(t) =A— % — BpS(t1)B(t1) — psS(t1).

Then
S(t)) =A>0. (3.2)
Equation (3.2) is a contradiction of assumption (i) that is
S(t;) =0 and S(t;) < 0.

In other words, there exists no such ”t;”. Hence it follows that for ¢; 0 < ¢ < t;
we have S(t) > 0. We can extend this ¢; to co. Similarly, it can be shown that
the variables I,; I; I; B and V' remain positive for all ¢ > 0. This approach was

also used by e.g Magombedze et al. (2010) and references therein.

3.4.2 Boundedness of the solutions

Since model (3.1) describes host cell-pathogen interaction, it is essential to show
that our solutions are bounded in the proper subset Q C R* x R2. The overall
epithelial cell population size at time ¢ is N given by N = S + I, + I, + I, and
the overall pathogen population at time ¢ is P = B+ V.

Proposition 3.3.1. The solution of model (3.1) is ultimately bounded in Q2 C
R* x R2,

Proof. From the first equation of model (3.1), we have S < A — pS. This implies

limsup,_,,, S < MA Since N =S+ I, + I, + I3, then

N <A —§N,
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where 6; = min{ps, fty, fp, ftop}-  Hence, limsup, , N < %. It follows that

limsup, . I, < Iy, limsup, ., I, < l; and limsup,_, . [, < [, where [} = %.

Therefore, the global attractor of the epithelial cell population is contained in €2,
On the other hand,

P < ¢ly — 6P,

where ¢ = mny + TNy + T and 0y = min{(ay, + d,), (o, + &)}. Hence,

(TN +To Mo +TopNub)

limsup,_,, P < L Tt follows that lim sup;_,., B < lo, limsup,_,,  V <

TpNb+To My +Tobub) 1

lo, where [, = ( 5 . Thus, the global attractor of the pathogen popu-

lation is contained in €2,. Hence the feasible solution set of model (3.1) remain
in the region Q= QC U QP where {QC - (57 Iw[bu]vb) S RZ—L&— : N S é\_l and

0, ={(B,V)eR2:P< £}

Therefore, no epithelial cell and pathogen populations becomes negative or
grows without bound. Thus, model (3.1) is epidemiologically and mathematically
well-posed and its dynamics can be considered in a proper subset €2 (Hethcote,

2000).

3.5 Well-possedness of influenza A virus sub—model

The influenza A virus steady state (E;) occurs when populations for [, = I, =

B =0, thus Ey, = (S0, 1;,0,0,0,V*). From the full system (3.1) we get
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BuSV

S _1+aS+bV_”SS’

. B,SV

I, = 2 T .
v 1+G,S+bv II’I/'U v (3 3)

V o= 1n,0, — (o + 6,)V.

System (3.3) illustrates the dynamics of influenza A virus with the epithelial cell
population and therefore, it can be shown that the related state variables are
non-negative for all time ¢ > 0 and that all solutions of the system (3.3) with
positive initial data remains positive for all time ¢ > 0. By assuming the related
parameters as non-negative for all time ¢ > 0. We show that all feasible solutions
are uniformly bounded in a proper subset ®.

Proposition 3.4.1. Solutions of the system (3.3)are contained in the region ®
Proof. Suppose all feasible solutions are uniformly—bounded in a proper subset
P, let (S(t),1,(t),V(t)) € R} be any solution with non-negative initial con-
ditions. Using the differential inequality Cheng et al. (2017), it follows that;
limsup,_, ., S(t) < uA

Given N(t) = S(t) + I,(t) + V(t) and taking its time derivative along the solution

path of system (3.3), we obtain

N(t
% =A+ Tvnvlv - MU]U - MSS - (Oéb + 511)‘/ (34)

Let ¢* = A+ 1yn, I, and &g = min(ps, fy, (o +0,)), such that % < ¢*— 0N (1).
Hence, from the differential inequality it follows that

0<N(t) < “g—; + koe™%t where kq is a constant of integration, thus 0 < N(t) <
C (14 kyet) < 20D yp > 0, with ky = hodo
This indicates that as t — oo, we have 0 < N(t) < %ﬁ;kl).

Therefore, N(t) is bounded and all the feasible solutions of influenza A virus
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sub-model starting in the region ® approach, enter or stay in the region, where

_ . 4
O = (S5(t), L,(t),V(t): N(t) < 5
Therefore, ® is positively invariant under the flow induced by system (3.3). Hence,
existence, uniqueness and results that follow also hold for system (3.3) in ®.

Thus, system (3.3) is mathematically and epidemiologically well-posed and it is

necessary to consider its solutions in ®.

3.5.1 Computation for influenza A viral fitness (R})

The pathogen fitness is derived as a spectral radius of (FV~!) where F are the
new uprising infections in the infectious compartment. V is the outgoing infections
from the infectious compartment. Using the next generation operator method
Van Den Driessche & Watmough (2002) on system (3.3), let f;(z;) = f — v, where
f=1fi;] and x; = I, f is a group of new infections and v = [v;;] (the outgoing
infections from the infectious compartments).

Let

F =

e

. 3fi(9€i)
xiE1] ’V - |: 8[& aciE1:| .

Thus, the pathogen fitness, Ry = p(FV ') evaluated at infection free state

BuSV
1+aS+bV
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By linearization approach, the associated matrix at infection—free steady state is

given by
BuA
0 s +aA
F—
0 0

Suppose the outgoing infections from the infectious compartments are given by

oy

(o + 6,)V — 1ynyl,

Again by linearization we obtain

Foo 0

—TyNy O + 61;

Therefore the inverse of the outgoing infections from the infectious compartments

is given by
L 0
1 H
V= =
Ty Ny 1
Hv(ab+5v) ap+dy
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Therefore:

TyNy B A BuvA
Msﬂv(ab+5v) Ms(Oéb+5v)
FxV™?t= : (3.5)
0 0

By finding the eigenvalues of expression (3.20) we get

/B’UAT’U nU

M= 0 = O R (e + 8,

then

BUAT’Un’U

Rp = max(\y, Ag) = '
0 maX( 1 2) (MS+GA)ﬂv(Oéb+§U)

(3.6)

For a steady state to be locally asymptotically stable, all the roots of the charac-

teristic polynomial must be located in C~ = {z € C: Re(z) < 0}.

3.5.2 Stability analysis of influenza A virus steady state

A dynamical system (3.3) with free infection state (F;) is said to be stable if all
real parts of the eigenvalues computed from the Jacobian matrix of the system
are less than zero and unstable otherwise.

Theorem 3.5.1 If R} < 1, the Infection—free steady state for system (3.3) (E))

is locally asymptotically stable and FEy is unstable if R} > 1
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Proof. Linearizing system (3.3) to generate the Jacobian

JE,

0

_ _BuA
0 Hs +aA
_ BuA
'UU ,U4$+aA

TyTy _(ab + 51})

Evaluating the determinant of the Jacobian Jg, yields a characteristic expression
P(A) = X 4+ wad? + wi ) + wy. (3.8)

with wy = ((a + 8u) + po + prs); wi = (a0 + 80) (1 + 1) + propts — 208,
wo = —ptg (20T 4 (4 6,)11,).
We solve for the eigenvalues by equating the characteristic polynomial (3.8) to

zero to obtain

L e (ot 6)
Al = Hs, )\2,3 - 9
2 2 4,8’UAT1)nv
Py = 2410 (Cty + 0y) + (i + 0,)7 + =70
:I:\/( ( ) 2< 00 T ), (3.9)

Clearly \; is negative, however A\ and A3 take up two signs hence by finding

appropriate combinations of the two eigenvalues we get

Ao+ A3 = —(po + (w +0,)) <0,

1 43,At,n,

)2 — = (12 = 2p0 (0 + 6,) + (ap + 6,)* + ————(B.10)

v 57.)
Ho | Ot 10
4 s + al

)\2)()\3:(74— 5
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Expanding and simplifying expression (3.10) we obtain

_ BTy,

A A3 = Uy Ou
2 X Ag /’I’(Oéb—’— ) MS+CLA

Lemma 3.5.1. Ay x A3 <0, if p,,(ap +0,) < %

By dividing throughout system by i, (ap + d,)

BuATyny

we obtain 1 < el o5y

1 _ BoATyny
Let RO T (ustad)po(ap+dv)’

be the viral fitness for influenza A virus, then Rj > 1.

Lemma 3.5.2. suppose Ay x A3 > 0, then this will happen if

o (p + 0y) > —B::\;;?X

Dividing by p,(cap + 6,), on both sides we obtain

5UA7—'UTLU
(ks + al)po(ap + )

<1,

hence R} < 1. Therefore E; is locally asymptotically stable whenever R} < 1 and

unstable for R} > 1. This ends the proof of the Theorem 3.5.1.

3.5.3 Global stability of the influenza A virus free steady

states

Theorem 3.5.2. When R} < 1, the infection steady state for influenza A virus,
15 globally asymptotically stable in region ®

Proof. In order for us to show that influenza A virus free—steady state is glob-
ally stable inside region (®), we apply the method of fluctuation employed in
(W. M. Hirsch et al., 1985; Jiang et al., 2009). Suppose go, = lim;_,, g(t) and

g™ = limsup,_,, g(t) for any continuous and bounded function g : [0,00) — R.
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We have already shown that the solutions of S(t), I,(t) and V(t) are always
non—negative and bounded from above for any given well-posed conditions. There-
fore, liminf, ,,, and limsup,_, ., always exist for each individual state. Theorems
of fluctuations in Thieme (2003) are re-stated:

If there exists sequences t,, and s, such that if ¢,, — oo whenever n — oo, then

lim X (t,) = X, lim X(t,) =0,

n—0o0 n—o0
lim X (s,) = Xoo, lim X(s,) =0 (3.11)
n—0o0 n—oo

Suppose t = t,,, equation (1) of system (3.3) becomes

- 5vs<tn)v(tn)

t) = A. 12
S+ S + s S(ty) (3.12)

We note that as n — oo and applying (3.11), expression (3.12) reduces to

BuS* Voo
9 = A.
14+ aS™® 4 pugS>® i
This implies that
BuS* Vi
57 < ST <A 3.13
o2 = T as= 1 bv (3.13)

Considering equation (2) of system (3.3), we obtain

BuS(tn)V (tn)

) = T st T 6V ()

= — 1, (tn)

we note that as n — oo we get

m J® < /B’USOOVOO

3.14
Y T 1+ aS> 4+ bV, ( )
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Thus, from equation (3.14) we have

o BuS™ Voo
YT (14 aS>® 4+ bV,

(3.15)

From equation (3) of system (3.3), let ¢t = t,,, then we get

V(tn) 4 (o + 0,)V (tn) < Tynaly(t,)

as n— oo we apply identities in equation (3.11) to obtain

(ap + 0,)V>® < myni I°. (3.16)

From equation (3.16), we obtain V> and make a substitution of I*° from equa-

tion (3.15) to have

TuMw B> Vo
Ve < 3.17
= (a4 0y) (1 4+ aS>® + bVy) (3:17)
Dividing equation (3.17) through by V., we obtain
Tultufu (3.18)

= oy +6,) (1 +aS>® + bV

From equation (3.13), if no pathogen to cause infection in the longrun i.e. V,, = 0.

0 A _ 3 ] ] BuTvny A
Then 5% — -~ for b = 0 and equation (3.18) is given as 1 < Mv(ab+5v)”(us+aA).
We note that R = e ﬁ’g:%/\ —a) hence equation (3.18) becomes

1 < R}, which contradicts "R}", and this implies that if S = 0, then from
equations (3.16) and (3.18) we have I>°* =0 and V> =0

Therefore, since the solutions to system (3.3) are non-negative and liminf <
lim sup, we must have S(t), ,(t), V(t)— 0 as t — oo because S(t) — 0 asymptot-

ically in equation (3) of system (3.3), that is S = A — 11,S. This result is related
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to that of Castillo-Chavez & Thieme (1994), the solution S(t) — MA as t — oo
Hence, we observe that the local stability established earlier and the global

attractive property herein, the proof of the Theorem 3.5.2 is complete!

3.5.4 Existence of Influenza A virus endemic state

The endemic state is a state for which the infection can spread in the epithelial
cell population. The existence of the endemic state for influenza A virus which
keep alive the infection propagating is now discussed.

Theorem 3.5.3.The influenza A virus only model has a unique endemic equilib-
rium if and only if Ry > 1.

Proof. Equating the R.H.S of system (3.3) to zero, we get

ﬂv S*V*

- - sS>|< = 07
1+ a5 + o F
/BUS*V*
- 1)[* =0,
1+ a5* + v+ Hi
Tl — (ap + 0,)V* = 0. (3.19)

Simultaneously solving a system of equation (3.19), we get

Abryny, + (g + dy)
S* = . 3.20
Tvnv(ﬁv + Msb) - MU(O% + 51})@ ( )

Dividing the R.H.S of equation (3.20) by u,(ap + d,) we obtain

bR (ps+al)
S — Bu
R(_l) (ps+ad)
Bu A

+1
(3.21)

—i—a.
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From the expression of S* we observe two arising situations to be considered for

functional response

1

= TA .
Ré(—“‘ﬁjAa) +a

S* (3.22)
Case I: Saturation functional response, when a =0 and b > 0

It implies that, a less than linear response in V' could occur when concentration
of influenza A viruses increase, and yet the infectious proportion is high enough

so that exposure is likely to happen (Castillo-Chavez et al., 2002).

ko ,B’UA- N ﬁ'u
Hence, S* = DA + Tipe = A(b+ Réus>'
Case II: Holling type II functional response, when b =0 and a > 0

We consider

poo (i + 0y) (15 + aA) — Byyn, A

I = . 3.23
Mv(ﬂv(ab + 61)))@ - Tfu”v(ﬁv + ,usb) ( )
Dividing the R.H.S of equation (3.23) by ,(us + alA)(ap + d,), we obtain
. 1-R}
[’U o Lya R(l)Hz())(ﬂv+HSb> '
pstalk BuvA
Therefore, we consider
: _ « _ _ (A=R§)BA BuA 1
(i) @ =0 and b > 0 such that I} = 7Réﬂv(%v+,usb) = T ( — R—(%).
(ii) b= 0 and a > 0 such that [} = Wl_—i(l’éu%.
pstak T ByA
This implies that
A1 — R}
IF = ( o) (3.24)

/ﬁv(u:ﬁm) - R(I)‘
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whenever, R} > ,uv(us‘fa <) holds.

We consider a state for

. mona(apy (o + 0y)) (s + al) — ByTyn, A

= ) 3.25
b+ 82) (10(0 + 0,)a — Tarna(Bo + b)) (32
Dividing the R.H.S of equation (3.25) by p,(cp + 6,) (s + al\)a, we get
1 _ BoTony A
V* _ TyTl1 < po(ap+dv)) (Hstad)a )
1 ToMv (Bv“l‘ﬂsb) ’
'uv(ab + 51;) pstal  po(op+oy)(pst+ad)a
which simplifies to
* 1 a — R(l]
V'=Ry | 51 — ) (3.26)
Hs+aA 0

We observe that when a = 0, b > 0 exist a saturation functional response, V* = R}
Finally, from equations (3.21), (3.24) and (3.26), the endemic steady state in the
presence of both saturated functional responses and Holling type II functional

response is given as

bR(l)(.U's-HlA) 1 1
E*_ Bv +1 1_R0 1( a’_RO ) (327)
L\ Ri(ustad) jwa_ Rbmo(Botisb) ' O\ Buha _ pl :
BvA + a Ns+aA - ﬁvA MS—HIA 0

However, the endemic steady state (3.27) can be expressed in terms of no satu-
ration functional response in the presence of Holling type II functional response
and vice-versa as below. The endemic steady state for influenza A virus (E7)
in the absence of saturation functional response when Holling type II functional

response is positive is given as

v i\ 1
5= 5= (00 A1) ), e
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and the endemic state for influenza A virus when the saturation function response

is present,
1 Al — R}
Ey = (S0 V) = | e , (aA o) -0 . (3.29)
Ry(B55%) +a mo(5x) — Bo

Linearizing system (3.3) near the equilibrium Ej and using the Routh-Hurwitz
criterion, we obtain the following conditions for local asymptotic stability of this

steady state

_ﬁvV* — Ms 0 _ﬁvS*
JE; - ﬁvV* —Hy 5113*
0 Tolw  —(p + &y).

The characteristic equation of the Jacobian matrix of the linearized system

evaluated at this point £ is

P(\) = N+ ay )\ + agh + a3 = 0, (3.30)

where

ar = (0 +0u) + po + s + BV, ag = (0 = 7om0 505" +00) + (0 +00) + pa0) (s +
BuV*), az > 0, ag = 7,0, B3VS* 4 ((an + 0y) (1) — TonwBuS*) (B V™ + 1),
provided 1, (@, + 8,) > TumeBuS", (s + 0,) > Tuny By,

which means that, the overall death rate of infected epithelial cells is greater than
the total number of new virions generated from the interaction with the uninfected

epithelial cells.
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The local stability of the endemic steady state in equation (3.28), can’t be easily
identified. Instead we use Routh-Hurwitz criterion to analyze it’s local stability.
The criterion states that the corresponding steady state is locally asymptotically
stable if and only if all Hurwitz determinants of the characteristic polynomial are
positive (Hinrichsen & Pritchard, 2005). We define the three Hurwitz matrices

using the coefficients aq, as, as, of polynomial (3.29).

i 7 aq 1 0
aq 1

Hy = a;  Hz = Hs = az az ai
0 a9

) ] 0 0 az

Since n = 3, we compute the det(H3) = ajay — as, the eigenvalues of the matrix
have negative real parts if and only if the inequalities for a; > 0,a3 > 0 and
aias > as hold, for the coefficients of the characteristic equation.

Making substitutions of a;|;—q 2,3 in det H3 we get

ay X ag—az = (o + (i +0y)) (0 40y pho =+ s (Qp 0 ) o + (fho + ps + (0465 ) (o +-
0u) =+ 1) (BoV* + pas) 4 BuV* (b + 00 )t + BoV* (0 + 00) + 1) (B V* 4 1) — (0 +
Ou) o T BoS* = BV Tuny S* = [T B3V S+ ((aw+00) (o) =T BuS*) (B, V" +415)]-
Therefore, with simplification of terms we get

araz—az = (po+ (o +0u)) (@ +0u) thot (o s+ (0 F00) ) (00 )+ ) (B V" +11s) +
BV (0 4 00) + p10) (B V" + 1) = (00 + 00) ttoTo00 80 S + Tom Bu.S™ (p1s — B, V) > 0
provided ps > B,V*. Since a; > 0,ay > 0,a,a2 > a3, then the characteristic
equation (3.30) has negative real parts, thus F; is locally asymptotically stable
provided conditions p,(ay + 6,) > 7yn15,5* and ps > B, V* hold. Therefore the

endemic steady state E3, where it exists, is always locally asymptotically stable.
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3.5.5 Pathogen fitness (R;p)

The threshold quantity R;p is the pathogen fitness of the infection (Gilchrist et
al., 2004). The threshold number cannot be determined from the structure of
the mathematical model alone, but depends on the definition of infected and
uninfected compartments (Van Den Driessche & Watmough, 2002). Pathogen
fitness gives information about the infection growth and control. If the pathogen
fitness Ryp is less than unity, then the infection—free steady state is locally as
well as globally stable. If R;p is less than unity, the infection can be controlled
through different ways like treatment and vaccination. On other hand if R;p is
greater than unity, the chronic-infection steady state becomes stable locally as

well as globally and the infection exists permanently in the population.

We use the next generation operator method Van Den Driessche & Watmough
(2002) on model (3.1) to compute the pathogen fitness. Suppose ; = f;(x) =
Fy(x)—Vi(x),i=1,...n, where V, = V" =V.* and F = [f;;] and x = I, [;, [y, B,V

a group of new infections and V' = [v;;] (the outgoing infections from the infectious

compartments).
Let F = gx(:”) vimpy, and V = ‘gg(f) vimE -

By restating the five conditions given as A(1)-A(5) in Van Den Driessche &
Watmough (2002) as

The functions described above satisfy these conditions.

A(1): If z > 0, then Fy; V7,V >0 for i=1,...n,

A(2): If ; = 0, then (V,7, in particular, if x € X then V; =0 for i=1,...,m,
A(3): F; =0, if i > m,

A(4): If z € X,, then F; = 0 and V (z) =0,

A(5): If F(x) is set to zero, then all eigenvalues of D f(z() have negative real parts.

From model (3.1), we obtain a Jacobian, J = Dy, fi(Ey) where X; = (S, I,,, Iy, Ly, B, V) €
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RS, Dy, fi(Eo) = 24| pe( 2 0000y i = (9, Ly, Iy, Ly, B, V) and Ej is the infec-
7 s 0
tion—free steady state

Therefore, we obtain

BoA BvA
—us 0 0 0 ﬁ ~etah
BvA
0 —pm 0 0 0 Bah
0 0 —wm O Bl 0
J(Eo) =
0 0 0 —UvB 0 0
0 0 TNy 0 r— (Oév + (5{, + ’}/am) 0
0 TyTy 0 TubThyb 0 _<ab + 6'0)

(44)

Hence using the conditions above we partition the matrix J(Ey)
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Since each transfer has directed individual then;

Bu SV
14+aS+bV

5SB

we evaluate the Jacobian at infection—{ree state to obtain:

(ns+ah)

s

46



Suppose the outgoing infections from the infectious compartments are given by:

oty + By BI,
pply + BV I,
vaIvb - 5:Ibv - BZIbB
(ay, + 0)B + JamAB _ rB(1 — %) — ynplp

A+hB

(ab + 51})‘/ - Tvnvjv - Tvbn2[vb

Moreover, computing the Jacobian at infection—free we obtain:

| " 0 0 0 0 |
0 10 0 0 0
V=1 o 0 . 0 0
0 —TNp 0 (o + 0p +yam) — 1 0

_ — TNy 0 —TobMub 0 ap + 0, _
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Therefore the inverse of the outgoing infections from the infectious compartments

is given by:
L 0 0 0 0
J22y)
0 L 0 0 0
b
-1 _
Vo= 0 0 ! 0 0
Hub
N 1
0 mGwe s Y @m0
TuNw 0 TubMub 0 _1
o (Qp+6u) Kb (ap+dv) ay+0y

Therefore, we compute the product

Ju 0 Jis 0 Ji;s

0 Jy 0 Jyuw O

-1 __
FxV™ = 0 0 Js 0 0 (3.31)
0O 0 O 0 0
0O 0 O 0 0
3 _ BoTono A _ TubMwbBu A _ Bu A _
with Ju = o ey 18 = it essy 115 = Gk 72 =
T By A _ B _ 1
Fo (ot oy tram) =) J4 = Fat by tram) =) 938 = f
Thus from equation (3.31), the eigenvalues are evaluated as )\i|i:(17273) = 0,
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BvTvn'vA _
M=t (et —

_ TpnpBp A _
and As = tstp((Qu+dy+yam)—r) Rp.

Since conditions A(1)-A(5) have been satisfied, then the viral fitness for the

pathogens is R;p = p(FV ') = max{R;, Rp}, where R; and R, are

R _ ﬂ’UAT’Un’U
e fo(fs _'_aA)(O‘b"i_év)’
A
Rp = BolTors . (3.32)

,Udsub((av + 5b) + Yo — T)

and p(FV ') is the spectral radius.

The pathogen fitness for influenza A virus and pneumococcus is interpreted as:
The pathogen fitness for influenza A virus R; is the product of the uninfected
respiratory epithelial cell infection rate ,, the average number of newly infected

cells ™ + —>—, the number of infectious IAV particles liberated from lysis of infected

cells n,, the average duration of exposure and the chance that the infected

(ap+06) +5

cell survives toxicity and interaction with bacteria during replication m

The pathogen fitness for pneumococcus Rp is the product of the uninfected res-
piratory epithelial cell infection rate [, the number of infectious pneumococcus
particles released from lysis of infected cells ny, the average number of newly in-

fected cells #Ag, the average duration of exposure ( L and the probability

Ay +5b)+7am_7' ?

that the infected cell survives toxicity and interaction with bacteria and alveolar

macrophage phagocytosis m.
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3.6 Existence and uniqueness of steady states

3.6.1 Infection—free steady state (IFSS)

The infection—free steady state is a set of points of model (3.1) obtained in the

absence of the virion or bacterium. The IFSS for our model thus is given by

A
Ey = (57 Ivvlbajvbanv) = (_70,0, 0,070)

S

We state the following lemma

Lemma 3.6.1. There is a unique infection—free steady state Eqy for model (3.1)
IMlustration. By this Lemma we substitute Ey into model (3.1). The results
indicate that all the derivatives of the sub—populations are equal to zero, thus the

infection—free steady state is unique.

3.6.2 Endemic steady state (ESS)
Model (3.1) has an endemic steady state Efp = (S*, I, I}, I}, B*, V*) and exists

if the entire population in each sub—population is positive that is S* > 0, I >
0,1; >0,I} >0,B*>0,V* > 0. By equating the R.H.S of model (3.1) to zero

) “wb

and solving the resulting system of equations, at the endemic equilibrium E7, as
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o A1 +bV7)
B V* + BB + pus’
I BuV*
C (BB 4 ) BV + BB + (s + Aa))’
I ByB*A(1 + bV*)
P (e + BV (s + BV + 5BY)
BV + B I B”

];kb: Hob ’

B* = B*,

v v[* v vI*

V*:Tn v—i—Tbnbvb
(ab—i—év)

where B*T is the positive real root of the following equation as to B*:
F(B*) = byB*? 4+ bB* + by = 0, (3.33)

with by = hr(py + BV ) BV + ps + o),

by = (i + BV BV + 1) (r(A — lh) + By (A + 8 + Yam) + Ao + 8)) —
kAT B(1 + bV*)),

bo = (p + V) <ﬁbr(A — k(h+ A)) + k(BoV" + p15) (Bo[ Aty + 6b) + yam] + (o +
Sp)h — rA)) — AByATyngk(1 4+ BV,

Obviously our model has two possible steady states given by

E}‘P(l) = (S* I I}, I, B, V*) and E}‘P(2) = (S 1} I}, I}, B*,V*)

)y Tv ? v

—b1—+/b2—4bsbo

We note that if by < 0, there are two positive equilibria §*t = e

_ \/b2—
and 5’“*%;%260. Therefore, if by < 0 and by > 0 by Descartes’ rule of sign,
the quadratic equation (3.34) has a unique positive real root 8**, hence there is a

unique chronic-infection steady state E7p ) = (S*, I, I, I, B, V*) if Rrp > 1.

Yk
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3.7 Stability of steady states

3.7.1 Local stability of the infection—free steady state (IFSS)

Theorem 3.7.1. If a,, + & + yam > 1 holds, the IFSS of model (3.1), given by
Ey, is locally asymptotically stable (LAS) if the effective pathogen fitness Rip < 1
(Rr <1 & Rp < 1), and unstable if Rjp > 1 (R >1 & Rp > 1).

Proof. The variational matrix for model (3.1) at the infection—free steady state

Ey is given by

BuA BuA
—Hs 0 0 0 ;LL T ptaA
BuA
0 0 —mwm O Aol 0
T = (3.34)
0 0 0 —pwy 0 0
0 0 7y 0 —A(ay + 0p + yam — 1) 0
0 7oy 0 Tywpn 0 —(ap + 6y)

The infection—free steady state is asymptotically stable if and only if the

trace (J,,) < 0 and the det(.J,;,) > 0. Therefore, from the variational matrix (3.34),

we obtain
trace(J,,) = — (,us + py + oy + Ay + 8 + yam — 1) + (ap + 5v)> <0,
det(Jy)) = €(1—Ry)(1—Ry) >0 (3.35)
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with & = 2 poppis (0 + 8 + Yarn — 1) (po(ap + 8,)).

Since parameters i, fly, fhop, A, sy Oy, Yo, T,y and 6, are positive, then

—<,us + iy + pop + Al + 5+ yam — 1) + (a —i—év)) < 0.

Hence, trace(J,,) < 0. Additional, for Rp < 1 and R; < 1 the det(J,,) > 0.

Since trace (J,,) < 0 and det(J,,) > 0 in equation (3.35) have been satisfied, then
the IFSS (Ey) is locally asymptotically stable whenever R;p < 1. d

Numerical simulations of the model (3.1) in Figure 3.2, depicts an infection—free

o 23
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Figure 3.2: Simulation of model (3.1), the free-infection steady state, with
populations I, = I, = I,, = B =V = 0. The rest of the parameters are as in
Table 3.2 and Table 3.1.

steady state. The threshold condition is R;p = 1, and for Ryp < 1, the
uninfected steady state is locally stable and unstable otherwise. The natu-
ral death rate exposes the basal cell layer and basement membrane, allow-
ing for bacterial adherence and invasion (Chertow & Memoli, 2013). Increas-
ing the natural death rate (us = 0.0625 (Rp = 2.235 > R; = 0.8695) to
ps = 0.625 (R, = 0.2236 < R; = 0.8695) implies a reduction in the total
number of uninfected cells, and decreasing the natural death rate (us = 0.0625
(Rp = 2.235 > R; = 0.8695) to pus = 0.00625 (R, = 22.3597 > R; = 0.8695)
implies an increment in the number of uninfected cells. The results are in line

with Theorem 3.7.1.
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The biological implication of Theorem 3.7.1 is that the spread of the disease
can be effectively controlled if the initial sizes of the sub—populations of the
model (3.1) are in the basin of attraction of the DFE (Ej), that is in general if
R;p is less than unity, the infection can’t establish itself in the respiratory cell
population, thus the infection dies out in the long run. Whereas if R;p > 1 the
infection will persist in the population leading to disease establishment in the

host.

3.7.2 Local stability of the endemic steady state (ESS)

The local stability of the ESS will be analytically studied by analyzing the
eigenvalues of the variational matrix at endemic steady state using Routh—Hurwitz
criterion.

Theorem 3.7.2. The unique endemic steady state of model (3.1) is locally
asymptotically stable, if Ryp > 1

Proof. The variational matrix J,,,(S*, I, I}, Iy, B*,V*) associated with the

Yk Y

o4



endemic steady state (E* = S*, I, I\, I*,, B*, V*) is given by

Yy Tv?

ke 0 0 0 —Bs ki

k2 ]{?3 0 0 _ﬁ;}k[: k4
ByB* 0 ks 0 BpS™ — By
T = . (3.36)

0 BB BV" —pw  Byly Bily

0 0 TNy 0 k’6 0

0 Ty 0 TobThob 0 — (o + 6y)

. _ e x| BoV*(14bV)  B.S*(14aS") B VE(14BV)
with ko = —(Ns+5b5 B +m) ki = — Cas e K2 = Trasaorme

ks = —(p + By BY), bu = (o ks = — (i + B5V),

By = — (- 4 AU DB mABh (g, 4 5,) — 1)

The characteristic polynomial corresponding to J,,,(S*, I\, I}, I, B*T,V*) about

)’ v

E* = (S*,I*, IF I*,, B**, V*) is given by

H(y) = hey® + hsy® + hay" + hay® + hay® + hay + ho, (3.37)

The coefficient hg of y° in equation (3.37), is always positive. If all preceding
coefficients are positive by Descartes’ rule of signs implies that there is no zero of
the polynomial in equation(3.37) with a positive real number. Whereas if hy < 0,
the polynomial equation (3.37) has one or more sign change among consecutive
parameters with at most six (6) positive roots of y or equivalent of six negative

roots of y. Therefore, all zeros of the polynomial (3.37) have negative real parts.
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The Routh-Hurtwiz criterion for polynomial equation (3.37) gives six negative
eigenvalues if the conditions h; > 0, fori =1, 2, 3,..., 6 are satisfied. The relevant
Routh-Hurtwiz criteria in Linda (2007) could be used to demonstrate that the

model (3.1) is locally asymptotically stable when R;p > 1.

3.7.3 Global stability of the infection—free steady state (IFSS)

For effective viral-bacterial infection elimination in the epithelial cell population,
a global asymptotic stability result has to be proved for the IFSS.

Theorem 3.7.3. If Rip < 1(R; <1 & Rp < 1), then the infection—free steady
state By = {X*,0} of model (3.1) is globally asymptotically stable in Q2 and there
s no unique endemic steady state.

Proof. Let X =5 € R be a representative of uninfected epithelial cell population
and Z = (I, I, Ly, B, V € R®) be a representative of the infected population.
The co-infection model (3.1) can be re-written as

& =F(X,2),

(3.38)
2 — G(X,Z), G(X,0)=0.

dt

where

F(X,7) =

Bu SV )
A— T+aS+bV PvSB — 1S
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oSV *
Tresry — (BB + )1,

BySB — (s + B3V )1

G(Xv Z) = B:IbV+6§va—/~vaIvb

rB (1 — %) + Tbnb]b - (Oév + (517 + ZC%W;LI;) B

TvnvIv + Tvbnvblvb - (Oéb + 5v)v

We consider a reduced system

dX
E|Z:O =N —p X (3.39)

This implies that (X*,0) = uA is a globally asymptotically stable steady state.

Equation (3.39) gives

S = HAS + (S(0) — ﬁ)e’“st, which approaches X* as t — oo, this shows global
convergence of solution of (3.39) in Q2. We re—state the two conditions given as
H2 in Castillo-Chavez et al. (2002), that guarantee global asymptotic stability as

follows:

(a) %X = G(X,0), X"

dt

(b) G(X,2)=LZ — G(X, Z), such that G(X, Z) > 0 for (X,Z) € Q

where L = D,G(X*,0) is an M-matrix (the off-diagonal elements of L are
non-negative) and €2 is the region where the model has a biological meaning. If

system (4.5) satisfies conditions (a) and (b) then, Theorem 3.7.3 holds.
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By linearization of G(X, Z), we obtain a matrix

_/’[”U

TyTlhy

Therefore, G(X, Z) can be expressed as G(X,Z) = LZ — G(X, Z), where

LZ =

0 0 0 Ty
—m 0 Bt 0

0 —Hwb 0 0
Ty 0 r— (a4 0 + Yam) 0

0 TopMub 0 —(ap + 6y)

BuAV
Ms+aA - MUIU

BuAB
T — Ml

_,Uvb[vb ’

(T - (av + 5b + A,y—ihmB)) B + Tbanb

Tvnvlv + Tvbnvb[vb — (ab + 5v>v

o8

(3.40)

(3.41)



and

G\(X, Z) “BI,
Ga(X, Z) BiV (),
CED = Guxz) | = |~y +51.8) | (3.42)
Gi(X, 2) rB
Gs(X, Z) 0

Thus, from equation (3.42) G5(X, Z) < 0, hence condition (b) is not satisfied. This
indicates that the infection—free steady state for model (3.1) may not be globally
asymptotically stable whenever R;p < 1 (R; < 1 & Rp < 1), hence the global

asymptotic stability of the infection—free steady state fails from Theorem 3.7.3.

3.7.4 Global stability of endemic steady state

In this Section, we show the global stability of endemic steady state for model (3.1).
We give specific coefficients of Lyapunov functions for the global stability of unique
endemic equilibrium by the graph—theoretic method found in Guo et al. (2008)
and Shuai & Driessche (2013).

Theorem 3.7.4. The unique endemic steady state of model (3.1) is globally

asymptotically stable.

Proof. We adapt Lyapunov functions of the integral form S — S* — SS* ! ;EQ:II*)) dr

used in Korobeinikov (2007); Huang et al. (2011); Elaiw & Azoz (2013).
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By setting the vertice’s corresponding to system (3.1) to be

A SCAS f2(S*,B*))
= S=-95" - ;
. /s (f1(¢, V) " (6,57 0

Ly = (I, —1I;,—1I;Inl,),

L3 = (Ib—Ig —Il;k ln]b)
Ly = (Ip—1)— IHnly),
Ly = (B—B*—InB*),

Lg = E(V-V*—V*IV). (3.43)

Such that we have

USdutiton B.Y) = 85 = [ (GES BT Y
+ (I, —I;,—I;Inl,)+ (I, — I} — IjInl)

+ (I — 1% —I5In1y) + (B— B —InB) 4+ (V-V* = V*InV).

We consider system (3.43) for vertex 1 and compute the time derivative of L; to

get
- s v St B SV
Li=8-——F+—~—-——F)A-——7F—— — B — 11s9). 44
We simplify L; to get

- DO (s (- L) s (1 o) w1 >>

- S (e fiST) casm (- G5) en(1-5)) o
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From equation (3.45), the arithmetic mean is greater than the geometric mean.

Thus we obtain

. S,V . SB
S
+ 3,usS*<1 — §) . CL12G12 -+ CL13G13 (346)

Let f(yi) =1 =y +Iny;|G=1,23 < 0 whenever y; > 1.
Clearly Ly < 0 and L, = 0 for f,(S*,V*) = f1(S,V), S = S* and B = B*.
We apply the same technique as shown in the Appendix 3 to obtain the remaining

vertice’s, hence

L < LB (1- I]BB) e
iy < BbS*B*<1 - Ifff?) az1 G,
L, < BI'B* <1 — %) + ﬂfj[le*<1 — %) D agGas + ag3Gys,
ie < moml: (1 - II“//) v Tv,,nQI;;b(1 - ‘(/;:)  a5sCgs + agaCloa. (3.47)
However,
Ly < rB* (1 — B*) (1 _ M) + Tyl (1 — ]"B*) . (3.48)
K Br(1- £ I;B

has been ignored because it is a self loop.
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Figure 3.3: A weighted simple digraph for influenza A virus and pneumococcus
co-infection

We assume that H is a spanning set of G having the same vertex sets, then H is
called a sub—digraph of G. By assigning a positive weight to each edge, then the
digraph G is said to be weighted. The weight W (H) of a sub—digraph H is the
product of the weights on all its arcs. Suppose G is a weighted digraph having n
vertices. We consider an n x n weighted matrix denoted by M = (a;;) such that

a;; > 0 equal to the weight of arc (j,4) if it exists and 0 otherwise.

From Figure 3.7.4, along each cycle we have

Gz + Gs =0,
Gaa + Gy =0,
G2+ Gs1 + Gyz + Goy = 0. (3.49)

Applying Theorem (3.5) in Shuai & Driessche (2013), lemmas 4.1 & 4.3 in Din et
al. (2016) and ignoring a vertex with a self loop, there exists ¢;, 1 < i <5 such
that L(X) = 3.7, ¢;L; is a Lyapunov function of model (3.1). From Figure and

using equation (3.49), we obtain the relations:
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d~(4) = 2; implying that coagy + cgaes = C4a43 + Cc4a42 but asy = ay, hence

(cg —cq)agy = Cqa43 — Coagy. (3.50)

d*(1) = 1; implying czas; = cja12 + c1a13. We observe that, ajz = az; thus we get

Cl<a31 -+ a12) = Cg(&gl). (351)

By making substitutions from system (3.51) we obtain

c3B;S* B*

ByS*B* + 3 f1(S*,V*) (3:52)

d=(2) = 3; implying cjaiz + c4a4o + Cega = Coa24, however, aqy = ayo thus we
) 6U6 ) 9

obtain

(CQ — C4)@24 = (1012 + CeQg2.- (353)

d=(1) = 1; implying csasz; = cqaq3 + c1a13, we note that a;3 = as; hence the

expression yields

(c3 —c)aiz = cqaq3. (3.54)

From system (3.52), let ¢; = 1. Then we obtain c3 = BbS*B;:;*fggs*’v*).

We make substitutions of ¢ and ¢; in system (3.54) to obtain

S*B* + 3f1(S*,V*
C4Q43 = Q13 (51) 5})5*];5 ) _ 1) . (3.55)
FRom equation (3.55) we have
3f1(S*, V) BS*B*  3f1(S*,V*
o = S V)b, _3h{S VD) (3.56)

BpS* VBV BrLV*
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Combining system (??) and (3.52) gives

C4Q43 — C10712

Cg —
Qg2 1 Qp4

Substituting for ¢y, ass3, a2, leads to

o _ BhESLVI =AYV

Qg2 + Qe4

Substituting for ¢g in system (3.52) we get

C1a12
Co = (4 .
Q24
Hence
3f1(S*,V* 3fi(S*,V* N I;B* WLV
cy = fl( )+ .fl( ):3f1(S,V) ﬁb +5 b
BLV. T BLB BV 1 B*
Therefore,
5
Oyl B* + 5UI§V*)
( ) Zzl 1 1( ) B:Ib V*/BbI:B* )
BpS*B* + 3f1(S*,V*) 3f1(S*,V*)
L —— L, 3.57
3,5" B* 3+ BT,V 4 ( )

with X = (S, L, Iy, Ip, B, V)

Hence, L(X) is a Lyapunov function for model (3.1). One can verify that {E*}
is the only invariant set in int(Q2) where L'(X) = 0, therefore, E* is globally
asymptotically stable in int (€2). The epidemiological implication of the result is
that the infection will establish itself in the respiratory epithelial cell population
whenever R;p > 1 irrespective of the initial number of the infectious epithelial
cell population, ultimately the co—infected cell population approaches a constant

level.
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3.7.5 Sensitivity analysis of the model parameters on the

pathogens’ fitness

Under this section, model parameters are varied with respect to the pathogen
fitness threshold, R;p = max {R;, Rp} of the model (3.1). We carry out a sensi-
tivity analysis of the pathogen fitness to the model parameter. This will help us
in identifying and verifying model parameters that most influence the pathogen
fitness threshold for the pathogens. Further, values obtained for sensitivity in-

dexes indicate which parameters should be targeted most for intervention purposes.

The normalized forward sensitivity index of a variable to a parameter is the
fraction of the relative change in the variable to the relative change in the pa-
rameter (Chitnis et al., 2008). If the variable is a differentiable function of the
parameter, the sensitivity index may be defined using partial derivatives. The
normalized forward sensitivity index technique outlined in Tilahun et al. (2017) is
used to obtain indices of R; and Rp. Therefore, Afﬂ = 88—120 X Rlo

with Ry =variable of either R; or Rp, Afo the sensitivity index of either R; or

Rp with respect to a given parameter and p = is a differentiable parameter.

Since the availability of literature and data especially on within—host influenza A
virus and pneumococcus co-infection is limited, the qualitative predictions of our

model (3.1) is dependent on estimating some of the parameter values shown in

Table 3.1 and Table 3.2.
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Table 3.1: Parameter values for influenza A virus and Streptococcus pneumoniae

Parameter value Reference

Influenza A virus

S(0) 4.0 x 108 (Baccam et al., 2006)

A 6.25 x 107 (Bocharov & Romanyukha, 1994)
1(0) 0

V(0) 107 (Chen et al., 2012)

L 8.9 x 107! (Cheng et al., 2017)

[s 6.25 x 1072 (Chen et al., 2012)

Ny 10% — 10* (Hadjichrysanthou et al., 2016)
a 0.02 assumed

b 0.6 assumed

B 2.7x107° (Baccam et al., 2006)

Oy 0.5-2 (Xing et al., 2017)

Qy 3.2 x 107 assumed

To 8.6 x 107! assumed

Streptococcus pneumoniae

B(0) 10° (Cheng et al., 2017)
1,(0) 0

r 2.7 x 10! (Smith et al., 2013)

T 1.102 x 107 assumed

K 2.3 x 108 (Smith & Smith, 2016)
Ya 8.877 x 1071 estimated
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Table 3.2: Parameter values for pneumococcus co—infection models

Parameter value Reference

Streptococcus pneumoniae

Op 2 x 1072 assumed

ay 101 assumed

e 1 x 103 assumed

h 5.0 (Metzger et al., 2015)
A 1055 (Smith & Smith, 2016)
By 1.2 x107° assumed

i 1.34 x 107! assumed

Co—infection

Lhob 5.2 x 10710 (Smith, 2017; Cheng et al., 2017)
Tub 2.4 x 1073 assumed

Nub 2.51 x 10! (Smith et al., 2013)

B 7.3 x 1078 assumed

B 4.1 %107 assumed

The positive sign of sensitivity index of the pathogen fitness with respect to the
model parameters indicates that an increase (or decrease) in the value of each
of the parameters in such a group will lead to an increase (or decrease) in the
pathogen fitness of the infection. Whereas the negative sensitivity index of the
pathogen fitness threshold with respect to the model parameter implies that an
increase (or decrease) in the value of the parameter in this group, results into
a corresponding decrease (or increase) in the pathogen fitness of the infection,

and asymptotically results into persistence (or eradication) of the infection in the
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Table 3.3: Sensitivity indices of R;/Rp to parameters of IAV and Pneumococcus
(SP), computed at the baseline parameter values given in Table 3.2 and Table 3.1

Parameter S.Iof Ry Parameter SIof Rp

Bo +1.0 m -1.5

5, 29.9%x10"! Y 1.6

To +1.0 A +1.0

Ly -1.0 Th +1.0

Ty +1.0 Lhs -1.0

a -9.9x1071 B +1.0

Ibs -4.9%x1078 np +1.0

Qp -2.1x1074 T -5.9x1071

A +4.9x1078 0y -7.0x1076
0p -3.3x1072

epithelial cell population (see, Theorem 3.7.4). For instance, Agy’ = 1, means
that, when 3, is increased (or decreased) by 10%, increases or decreases R; by
10%. Therefore, with sensitivity analysis, one is able to get an insight on the
suitable intervention strategies to prevent and control the spread of the influenza

A virus and pneumococcus co-infection described by system (3.1).

Sensitivity analysis of model (3.1) revealed that the pathogen fitness for pneumo-
coccus and influenza A virus is most sensitive to maximum number of bacteria an
alveolar macrophage can catch (m), phagocytosis rate (v,), number of infectious
influenza A virus particles and pneumococcus liberated from lysis of infected cells

(n, & ny) and infection rates of pathogens 3, and f3,.
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3.7.6 The impact of pneumococcus on Influenza A virus

To analyze the effects of streptococcus pneumoniae on influenza A virus and vice

versa, we express Rp in terms of R;. We solve for ug to obtain pus = A%/I\R’.
Substituting into (3.32) for Rp, we obtain Rp = #If\’m,
where
’UA vt A
_ BT, BeArmy . (3.58)
s (Cp + 6) p((w + 0p) + yam —7)
Computing the partial derivative of Rp with respect to R; leads to
oR AB
L (3.59)

8R1 (A — R[QA)T

If the R.H.S of (3.59) is equal to zero, this signifies that pneumococcus has no
effect on the dynamics of influenza A. If result (3.59) is less than zero, this implies
that a decrease in influenza A virus results into an increase of pneumococcus.
Whereas if expression (3.59) is greater than zero, an increase in influenza A virus
results in an increase of pneumococcus which implies an endemic steady state for
which the pneumococcus—influenza A virus co—infection is likely to occur in the

epithelial cell population.

3.7.7 The impact of Influenza A virus on pneumococcus

Similarly, expressing us in terms of Rp, we obtain us = }%. Substituting ps in

equation (3.32), we obtain

ARp
B+ CLARP ’
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By computing the partial derivative of Ry w.r.t Rp, we get

OR; AB
_ , 3.60
ORp (B + aARp)2 (360)

where A and B are as in equation (3.58). When expression (3.60) is equal to
zero, this implies that pneumococcus bacteria has no impact on the transmission
dynamics of influenza A. If result (3.60) is less than zero, a decrease in pneumo-
coccus leads to an increase in influenza A virus, this implies that the infection
due to pneumococcus can be wiped out of the epithelial cell population. Whereas
if result (3.60) is greater than zero, it implies that an increase in pneumococcus
density results into an increase in influenza A density that gives rise to a chronic
infection. The implication of the above impact of influenza A virus and pneumo-

coccal existence and vice-visa results into a bifurcation state ( see Figure 3.4).
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Figure 3.4: Phase potraits for the dynamics of influenza A virus and pneumococcal
bacteria, (a) with parameter values n, = 103, n; = 10, variables S(0) = 4.8 x 107,
I, =10%1,= I, = B=V = 10? and (b) with parameter values n, = 10*,n, =
103, variables S(0) = 4.8 x 105, I, = 103, I, = 10, [,;,, = B = V = 10% and other
parameters remain as in Table 3.1 and Table 3.2.
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3.8 Model results and discussion

In this section, the simulations of the model (5.1), are carried out in MATLAB’s
standard solver for ODEs, the inbuilt function ode45. The function implements
a Runge—Kutta method with variable time step for efficient computation. The
results arrived at and the results of the sensitivity analysis are illustrated by sim-

ulating the behaviour of model (3.1) using various initial conditions of parameter

values in Table 3.1 and Table 3.2.

Computing R; and Rp using the parameter values in Table 3.2 and Table 3.1,
the respective values are 0.8694 and 2.2359, hence the infection would persist
in the epithelial cell population for R;p = Rp = 2.2359 > 1 and will die out if

R;p = Rp < 1.

Our numerical results provides a theoretical means to justify that assumptions

made in the model development are biologically feasible. Figure 3.5 depicts re-

= Dwally infected
preurnococcus
Influenza A wirus

/

!

Co-existence .

1] 10 20 30 40 50
Time t/days

Infected cell population/log-scale

Figure 3.5: Simulation of model (4.8), global stability for populations of infected
cells (I,) as function of time with parameter values: A = 6.25 x 10°, m = 95, n, =
104,68, =12x 1073, 7, = 1.2 x 1072, 7 = 1.1 x 1074, 87 = 7.3 x 10719; variables
I,=1I,= B =101, = 10* (thus Rp = 17.1774 > 1 and R; = 2.4218 > 1), and
other parameters remain as in Table 3.1 and Table 3.2.

gion A with the existence of only pneumococcal infection after over powering
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influenza A virus at endemic steady state £}, and subsequently colonizing the
respiratory cell population, whereas region B shows the existence of only influenza
A virus that has been suppressed by pneumococcal infection. We note that the
two pathogens continue to co—exist and replace each other in the respiratory cell
population causing bacterial chronic infection. The intersection point is a Nash
equilibrium, where the two pathogens payoff themselves while competing for the
resources. The host’s fitness is most affected at this equilibrium because of the

presence of both pathogens at the same time. Figure 3.6 (a), depicts the effect of

= 1B

18 e
5 anl 5
e (17 =
fgor] .-" i
= 14 . =
z - B, =1 2% 100 g
2120 = = -
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Figure 3.6: Simulation of model (3.1)(a) showing chronic levels of infected cells I,
for different values of 3, as function of time with parameter values:A = 6.25 x
105, 8, = 1.2 x 1074,npy = 10°,a = 2.0 x 1072,b = 0.6,y = 1.34 x 1072, 7, =
1.102 x 1075, variables; S(0) = 4.0 x 103, I, = I, = 10>, [, = B = 103,V = 107
(thus Rp = 2235.9654 > 1 and R; = 8.6950 > 1). (b) Chronic levels of infected
cells I, for different values of (5, as function of time with parameter values:
np = 10% 7, = 24 x 1073, 8 = 7.3 x 1078, 3 = 4.1 x 1077,7, = 8.6 x 1072,
variables; S(0) = 4.8 x 107, I, = 104, I, = 10%, 7, = 10, B = 105,V = 10* and
other parameters remain as in Table 3.1 and Table 3.2, hence R, = 2.2359 > 1
and Ry = 86.9477 > 1

varying the infection rate due to pneumococcal ;. A high infection rate or low
infection rate maintains the pneumococcus infection in the infected population
and after a given period a constant unique chronic-infection level is attained that
is, increasing 3, = 1.2 x 107 (Rp = 22.3597) to B, = 1.2 x 107* (Rp = 22.3597).

This implies that there is persistence of the infection due to pneumococcal in the
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cell population. A decrease in transmission coefficient from 8, = 3, = 1.2 x 1075
(Rp = 22.3597) to B, = 1.2 x 107% (Rp = 2.2360), implies that the infection is
persisting in the epithelial cell population. Therefore, the public health should
put measures to combat the high endemicity of pneumococcal to reduce Rp to

less than unity.

Figure 3.6 (b), shows the effect of varying 3, from 2.7 x 107> (R; = 86.9477) to
2.7 x 107* (R = 869.4774), this implies that an increase in infection rate due to
influenza A virus results into an increase in the population density of new uprising
infections. It means that if the infection persists in the respiratory epithelial
cell population, more susceptible cells will be infected even then the population
will approach a constant level. However, the cases decrease with well managed
prevention measures. Whereas decreasing 3, from 2.7 x 107> (R;=86.9477) to
2.7 x 1075 (R;=8.6948) leads to a decrease in the population of newly infected
epithelial cells that can eventually be phased out of the respiratory epithelial cell
population. Figure 3.7(a), the region of parameter space where only the influenza
A virus-pneumococcus co—infected exists and approaches a unique endemic steady
state. To reduce the co—endemicity, the number of pneumocaccal bacteria that
is caught by alveolar macrophage, the first arm of the immune system should
be increased by reducing influenza A virus that leads to depletion of alveolar
macrophage. To prevent such a co—infection, the alveolar macrophage (m) popu-
lation can be partially restored via the immune modulator such as granulocyte

macrophage colony stimulating factor (Smith, 2017).
Figure 3.7(b), shows the effect of varying the phagocytosis rate ,, the rate

at which peumococcus is phagocytosed should be increased because pneumococcus

viral load plays an important role in influenza A virus—pneumococcal co—existence.
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Figure 3.7: Simulation of model (3.1)(a) Global stability of the positive endemic
steady state of co-infected cells (I,;), showing varying values of maximum number
of bacteria alveolar macrophage (m) can consume (that is m = 60 (R, = 3.7407),
m = 80 (Rp = 2.2360), m = 100 (Rp = 1.5945), with variables: S(0) =
4.0 x 10741, = I, = I, = 103, B = 10",V = 10°. (b) Global stability for
the co—infected population with changing effect of phagocytosis rate v, that is
Yo = 8.877 x 107! (Rp=2.2360), 7.=9.877 x 10~ (Rp = 1.8927), 7,=7.877 x 10~
(Rp = 2.7310), with variables I, = 10, I, = I,, = 103, B = 10%, V' = 10°. The rest
of the parameters are as in Table 3.1 and Table 3.2.
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Figure 3.8: Solution trajectories for Epithelial population with variables: (a)a =
0.02,b = 0.6, 5(0) = 4.0 x 107, I,(0) = 10, V(0) = 107, V(0) = 105 (R; = 0.86967)
(b) a = 0,b=0.6,1,(0) = 10°, V(0) = 10*(R; = 1.739 x 107), (c)b = 0,a = 0.01
Rr = 1.7393 with variables I,(0) = 10°, V' (0) = 10*. The rest of the parameters
are as in Table 3.1 and Table 3.2.

On the other hand if influenza A virus is assumed to be a resident strain

implying that an individual initially has influenza A virus infection, we study the
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Figure 3.9: Solution trajectories for Epithelial population with variables: (c)a =
0.02,b=0,5(0) = 4.0 x 107, I,(0) = 10,V (0) = 107, V(0) = 10° (R; = 0.86967)
(d) a=0,b=0,A=6.25 x 10*, 5(0) = 4.0 x 103, ,(0) = 10*, V(0) = 10°(R; =
17393), The rest of the parameters are as in Table 3.1 and Table 3.2.

inhibition effects on the dynamics of influenza A virus. If a =0 and b = 0.6 > 0,
this implies that, a stable state is attained and the infectious proportion is high
enough for the infection to persist in the cell population. Secondly, if b = 0 and
a > 0 the infected cells and uninfected cells are globally stable, implying that
influenza A virus keeps circulating in the population which can cause disease
to the host. Thirdly, if b = 0 and a > 0 and b = 0 and a = 0 leads to a high

endemicity. Therefore, control measures should be instituted to keep the pathogen

fitness of influenza A virus below unity.

In this Chapter, a class of ODE within—host models with Beddington-DeAngelis
nonlinear incidence rate and the standard bilinear incidence rate is investigated.
The steady states for the infection—free steady state and endemic steady state
exist and are unique. The pathogen fitness was computed by next generation
operator method Van Den Driessche & Watmough (2002) and used in establish-

ing the local stability of the infection—free steady state. The global stability of
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the infection—free steady state of the model may not be globally asymptotically
stable whenever the pathogen fitness R;p is less than unity. A graph—theoretic
approach was used to prove the global stability of the endemic steady state. The
stability analysis of the given model (3.1) is carried out, when R;p < 1, the in-

fection—steady state E, is locally asymptotically stable and unstable whenever R;p.

Numerical simulations of the model (3.1) show that the two infections co—exist
(with pneumococcus leading) when the pathogen fitness for each infection ex-
ceeds unity. The pneumococcus—endemic steady state, E*, which exists when
Rip = Rp > 1,is LAS if R; < 1, and unstable if R; > 1. In other words, influenza
A virus accelerates the persistence of pneumococcus growth when R; > 1 because
alveolar macrophage will be depleted and can’t offer protection to the epithelial
cell population. Co—infection typically occurs within a few days of influenza A
virus infection, at times of high viral shedding, individuals develop co—infection
between [1.3-11.1] days of influenza A virus infection. This result is consistent

with (Chertow & Memoli, 2013).

The results further, show that pneumococcus and influenza A virus co—exist,
as the steady state is bypassed, the pneumococcus replaces influenza A virus in it’s
region of existence. Due to co—existence of pneumococcus and influenza A virus
in the cell population, each pathogen has an impact on the other. Maintaining
pneumococcus or influenza A virus in the population increases the respective
population and doesn’t impact the same population, however a tipping point is
reached when the topology of the dynamical system changes, resulting into a

bifurcation.

Whenever two pathogens invade the respiratory cell population, assuming one

pathogen to be resident strain (in this case influenza A virus) and the second to
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be mutant (pneumococcal), one of the strains over powers the other and persists
in the population leading to severe infection. For the two coexisting pathogens
(conjecture 4.2) in Hussaini et al. (2016), one infection dominates the other when-
ever their pathogen fitness exceeds unity (Rp > R; = Ryp > 1). This implies that

the infection persists in the host cell that may result into bacteria pneumonia.

To this end, the next Chapter proposes a between—host pneumococcal pneu-
monia model, the fact that it’s has been shown to be caused by the most virulent
pathogen that overpowered IAV during the co—infection. The model considers
two time delays that influence the stability of the endemic steady state during

pneumococcal pneumonia spread.
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CHAPTER 4

BETWEEN-HOST PNEUMOCOCCAL
PNEUMONIA MODEL WITH TIME
DELAYS

4.1 Introduction

Uncertainties in the burden of pneumococcal disease are largely determined by
the proportion of pneumonia deaths attributable to pneumococcus (Wahl et al.,
2018). Models of infectious diseases with time delays have attracted attention
of scientists since time delays can alter the qualitative behavior of the system.
A Hopf-bifurcation may occur, if a time delay is introduced into a dynamical
system that could change the stability state of the equilibrium (stable equilibrium

becomes unstable) and could cause fluctuations in the system (Bianca et al., 2013).

4.2 Model formulation

A model for the dynamics of the bacterial pneumonia (pneumococcal) in a human
population with the total population size at time ¢ denoted by N(t) is formulated.
The population is sub—divided into five mutually exclusive epidemiological classes:
susceptible, vaccinated, exposed, carrier and infected denoted by S(t), V(t), E(t),
C(t) and I(t); respectively. The mathematical formulation adopts a mass—action
incidence because it is important in deciding the dynamics of epidemic models
where the contact rate depends on the size of the total human population. The

force of infection for the vaccinated class is ¥5I(t), where 0 < ¥ < 1 is the
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proportion of the sero-type not covered by vaccine (Tilahun et al., 2017).

The increase in the number of susceptible individuals comes from a constant
recruitment b through birth or migration and recovery of individuals. Several
vaccines wane with time, and so vaccinated individuals return to the susceptible
compartment, at a waning rate (. The susceptible individuals become infected

through a force of infection S1(t) and move to the latent class E(t).

The latent class, E(t) accounts for a time delay 7, > 0 of the exposed indi-
viduals ie. the period between the time of an infection onset and the time of
developing pneumococcal clinical symptoms. Exposed individuals transfer to
the infectious class at a rate . Individuals in the carrier class C(t) become

symptomatic and join the infected class at a rate p.

The infectious class I(t) accounts for a time delay 7 > 0: the time taken by
infected individuals to seek medical care. Infected individuals that delay to seek
medical care die of pneumococcal pneumonia at a rate ¢. Infectious individuals
upon recovery transfer to the susceptible class at a rate ¢. All classes exhibit
a per capita natural mortality rate u. The description of model variables and

parameters is summarized in the nomenclature.

4.3 Model assumptions

The following assumptions are given to guide in the development of model equa-

tions:

(i) That every person in the population is susceptible to pneumococcal pneu-

monia disease

79



(ii) A continuous vaccination strategy is received by the recruited susceptible

individuals at a rate v, and that vaccination doesn’t affect the infectious.

(iii) Vaccination is not 100% efficient, which means there is a chance of being

infectious or carrier in small proportions

(iv) TAV is a resident (primary) pathogen and pneumococcus is secondary, and

the interaction promotes severe pneumococcal pneumonia

(v) Individuals that survive natural mortality u through latent period [t — 71, ]
and infectious period [t — 7, t] have probability (survivorship function) e=#™

and e #7 respectively.

The compartmental diagram of the model is shown in Figure 4.1.

ye P E(t — 1)

pl | 4

5€_MT2[(t — T2)

Figure 4.1: A schematic diagram showing the dynamics of pneumococcal pneu-
monia. The dotted lines represent contacts made by individuals in the respective
classes and the solid lines show transfer from one class to another.

Based on the description of model variables, parameters, assumptions and from
Figure 4.1, the dynamics of the model are governed by the balance law of com-
partments stated as: rate of change=inflow transition rate—outflow transition

rate that is: X = sum of inflow transition rates— sum of outflow transition rates,
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thus the system of equations given by

S(t) = b+ V() +oI(t) — (v+ p+ BI1)S(1),

V(t) = vS(t) = (n+ V() = ItV (1),

E(t) = BI)S(E) —ve "M E(t —m) — pE(t),

Clt) = BIBV(E) = (p+p)C(), (4.1)

It) = pCt) +ve "Bt — 1) —de "It — 1) — (u+ ¢)I(1).

where, 5, = U5.

To study the effect of time delays on the dynamics of pneumocccal pneumo-
nia, the previous work by (Tilahun et al., 2017) helped in attributing knowledge
to understand the current model. A new compartment of the latency is included
in the model. Two time delays; the first delay is introduced in the latency sub-
population because there is delayed time from the time an individual is infected
and when one becomes infectious. A second time delay of seeking medical care
is included in the infectious subpopulation because not seeking medical atten-
tion leaves individuals’ behaviors unchanged not to respond to existing control

measures and more individuals become infected.

4.3.1 Positivity of solutions

System (4.1) is a representation of the dynamics of the human populations, thus
it is required that all solutions are non—negative. We use the approach in Bodnar
(2000) and Yang et al. (1996), we let C' be a Banach space of continuous real

valued functions ¢ : [—7,0] — R’ equipped with the supremum norm,

[[¥llc = supyei—r o il [¥2l; [¥s], [14], [¥05] . The initial conditions of system (4.1)
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are represented by

S(t) = 1(t), V() = Pa(t), BE(t) = 3(t), C(t) = tu(t), I(t) = ¥s(t),

—7<t<0, (4.2)

where 7 = max{7, ™} and ¥ = (¢, 19, v3,14,15)T € C, such that ;(t) =
1¥;(0) >0 (i =1,2,3,4,5). The following Lemma establishes the positivity of the
solutions of system (4.1).

Lemma 4.2.1. Any solution of trajectories (4.1) with ¢;(t) > 0; t € [—T,0]
remains positive whenever it exists.

Proof. Suppose S(t) was to lose positivity on some local existence interval [0,7)
for some constant 7' > 0, there would be a time at ¢; = sup{t > 0: S(¢) > 0}

such that S(t;) = 0.

From the first equation of system (4.1), it follows that
b+ CV(t)+@I(t) — (v +p)S(t) — BI(t)S(t) > 0.

This implies that S(t) < 0 for t € (t; —¢,t;), where € is an arbitrary small positive
constant. This leads to a contradiction, it thus follows that S(t) is always positive.
Hence from the fundamental theory of differential equations, it is shown that there

exists a unique solution for S(t) of system (4.1) with initial data in R’ as follows

d

(Sl et IONS) - = et BIOME b 4 (V (1) 4 91 (1)),

S(t) = /0 t (b+ CV(0) + ¢I(0)) e Hmi=ls BIO%E gy

iy (0)e (v Hmi=Jo BIE)dE,
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Therefore,

S(ty) = zﬂl(())e’(’”r“)tl’fotlBl(g)df

t1 t
+ / ((b+CV (o) + ¢I(0)) e”WHmh=I BIEE 4o~ (4.3)
0

Since S(t1) > 0, then S(¢) > 0,¢ > 0. This completes the proof.

Similarly, using the same technique we have

t
V(t2) = tha(0)e (02 lo® S1E)E / LR BT G (Vi > 0. (4.4)
0

E(t3) = e 34)5(0) + e 3 (/Olt3 et (ﬁ](&)S({) —ye P E(€ — 7'1)) d§> > 0(4.5)

Clts) = e o (w4<0>+ /0 4<ﬁ11<s>V<s>>e<P+“>€d§) >0 (4.6)
and

I(ts) = 5(0)e"1+dlts (4.7)

ts
+ e </ (pC(0) + ve " E(o — 11) — 6e #1(0 — 7)) e(“+¢)"> do
0

Therefore, from the above integral forms of equations (4.3) to (5.20) all

solution trajectories are positive for all time ¢ > 0 on [0, 4+00].
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4.3.2 Boundedness

For boundedness of system (4.1) with initial condition (4.2), we consider the
following Lemma

Lemma 4.2.2. The closed set

Qq = {S(), V(t), E(t),C(t), I()} € R® - 0 < S(1), V(t), E(t), C(t), I(¢);

St)+V(t)+ E@t)+C(t)+ I(t) <

=

is positively invariant and absorbing with respect to the set of DDE’s (4.1).

Proof. Summing all equations in system (4.1), yields

dN
E = b — ,LLN(t) — (56_#72](75).

Therefore, & < b — uN(t) which implies that ¥ < 0 if N(t) > % Using the
standard comparison test in Nagy (2011), we get N(¢) < N(0)e # + ;%(1 — e ),
Particularly, N(t) < % if N(0) < /% for all time ¢t > 0, hence €1, is positively
invariant. Further, if N(¢) > ;%’ then either the solution enter at finite time or
N(t) is close to % and the infected variables E',C" and I tend to zero. Therefore,
Qg is attracting implying that all solutions in R? finally enter €4 Consequently,

in g, system (4.1) is mathematically and epidemiologically well-posed.

4.3.3 The control reproduction ratio

The basic reproduction ratio identifies the number of secondary infections from
the infected source and plays an important role in understanding the development
of epidemics with a vaccination program in place. The control reproduction ratio

Ry is computed using an approach in Van Den Driessche & Watmough (2008) and
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is given by Ry = Ry + R{,

u Bre #7150 v _ BpoVO
where Rg = o =mhgmasery 10 = Giterpreera

The quantity Rj mea-
sures the expected number of secondary cases generated by an index case for the
susceptible individuals and R{ represents new cases arising from the vaccination
program.

The control reproduction ratios with no delays (7, = 0,75 = 0) are given by

u ByS° v o BpoVO
Ry = Gmyerars 2d BS = oG-

4.4 Stability of equilibria

Let (S*,V*, E*,C*, I*) be the corresponding partial populations at the eventual
equilibrium point. Given that the values of the partial populations at the equi-
librium are stable, the delay—dependency vanishes so that lim; o, I(t — 72) =
limy o I(t) = I* and lim;_,o, E(t — 71) = lim;_,, E(t) = E*, such that at equilib-

rium, we have

b+ CV 4+ ol" — (v+pu+ pI°)sS* = 0,
vS*—(p+QV* =/ IV = 0,
BI*S* — (ye " + u)E* = 0,
BV — (p+ p)C* = 0, (4.8)
pC* + e PE* — (u+de "2 + ¢)I* = 0,

SV 4+ B +C 41" =b—puN*— e "2[* = 0.
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Hence, from system (4.8), we obtain the disease—free equilibrium Py = (5°,V°,0,0,0),

where

go__ Mutd e bv , (4.9)

(n+ Qv +p)—Cv (n+ Qv +p) —Cv

provided (p + ¢)(v + p) > Cv.

It should be noted that for v > 0, the disease—free equilibrium is biologically feasible
for any epidemiological parameters, whereas in the absence of vaccination strategy,
i.e. for v =0, Ej is only feasible for epidemiological parameters in the susceptible
class. From system (4.8) the endemic equilibrium P* = (S*, V* E* C* I*) is

given as

o _ b+ CV* + oI
v+ p+ I
Vo= v(b+ ¢I")
W Bt CH BT = v
s B(Cv + ar)(bI* + ¢I*?)
B = aGem T ut AT “10)
o VB (b+oI)
ar(p+p)
I = I

where a1 = (v + p+ BI*)(u+ ¢+ B I*) — (.
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4.4.1 Local stability of the disease—free equilibrium point

Suppose that Py = (5%, V?,0,0,0) is a diseasefree equilibrium point of sys-

tem (4.1), then the linearization matrix Jp, is given by

—(utv) ¢ 0 0 ¢—p
v —(mu+¢) 0 0 A
=1 0 0 gse | =0
0 0 0 —(p+p) BIVO
0 0 0 p —(u+t9)
Clearly y; = —p is one of the negative roots (eigenvalues) that guarantee local

stability of the disease—free equilibrium Fy. The remaining eigenvalues are obtained

from the characteristic polynomial given by
9(y) =y +esy’ + ey’ + ey + o =0, (4.11)

where ez = du+v+(+p+¢,ea = (u+Q)(2u+p+v)+(u+¢) 2u+v+() — fIpV°,
e1 =+ +p)Cu+v+o)+(p+v)(p+o)2u+C+p) —Cv2p+p+9¢) —
Bpd(2p+ v+ (),

co = (u+ )+ O ((p+ p) 1+ 6) = BpIV®) + C(BpIV® — (p+ 1) (1 + ).

Thus computing the roots of polynomial (4.11) gives

Yo=—p,ys = —(n+C+v), ys = —%((2u+p+¢)+\/(p—¢)2+4ﬁm9v"),
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vs = =5 (@ +p+0) = /(o= 97 +48pIV).

Since the rest of the roots are negative, root ys is negative provided (u+¢)(p+pu) >

BpYVO, holds implying that Ry = fpdby < 1.
(u+o) (p+1) ((u+<)(V+u)—CV>
Thus we have the result below

Proposition 4.3.1. The disease—free equilibrium Py is locally asymptotically sta-
ble if the control reproduction ratio Ry < 1, whenever conditions (u+¢)(p+v) > (v

and R§ < 1 are satisfied, and unstable otherwise.

To illustrate the stability of disease—free equilibrium, we use parameter values
in Table 4.1 with corresponding population estimates of S(0) = 10604,V (0) =
103, E(0) = C'(0) = 1(0) = 0 and the resulting simulation is given in Figure 4.2.
The biological implication of Proposition 4.4.1, means that in the long run the vac-
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Figure 4.2: Simulation of model (4.1), the disease—free equilibrium, with popula-
tions parameters: ¢ = 3.57144 x 1071, 3 = 1.0102 x 1075, v = 3.3333 x 1072 (with
Ry = 0.7873, Ry = 0.1382, R = 0.6490).

cinated and susceptible populations will be stable and pneumococcal pneumonia
will be under control.
4.4.2 The transcendental equation

We obtain the expression for the transcendental equation by linearizing system

(4.1) around
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P* = (S*,V* E* C* I*), to obtain

S(t) a a 0 0 a3 S(t)
V(t) a; as 0 0 ag V(t)
E(t) - a; 0 ag 0 ag E(t)
C(t) 0 aip 0 a1 ap C(t)
I(t) 0 0 0 a3 au I(t)
00 0 0 O 0
00 0 0 O 0
T 100 as 00 E. | (4.12)
00 0 0 O 0
00 ag 0 air I,

a;r = —((u+v)+BI"),as = (a3 = ¢ — S, as = v,a5 = —((u+ () + BII*), a6 =
—povT,

a7 = BI*,as = —p, a9 = BS™, a10 = PUI", an1 = —(p + p), a2 = BIV*, a13 = p,
ayy = —(p+ @), a15 = —ye F ayg = ye P ayp = —de P E,, = E(t — 1) and

]TQ = [(t — 7'2).
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The variational matrix of (4.12) is given by

ap Qs 0 0 as
ay as 0 0 as

o= a; 0 ag—~ye I ” =0,
0 0 0 an 19
0 0 ye~(HAm Q13 apy — O~ (AT

Then, we obtain the transcendental equation of the linearized system at P*

g(A, e e ) = A5 4 kg At ks AP 4 koA 4 B\ 4 Ky
O 1A+ A F DA+ Dp)ye” PN
A+ maA® + maA? + my A 4 mg)de” N2

+()\3 + 712/\2 + 711)\ + n0)75€7(”+)\)(ﬁ+7’2) =0. (413)

with coefficients of the transcendental equation (4.13) given in Appendix A3(a).

4.4.3 Delay—free system

Here, to show the local stability of P*, we consider a situation where there are no

delays during the latent period (73 = 0) and in seeking medical care (7 = 0). By
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letting 77 = 75 = 0, equation (4.13) reduces to
g(A) = A+ baX! + b3X° + 0o X* + biA + by = 0. (4.14)

with coefficients of polynomial equation in Appendix A3(b).

Proposition 4.3.2. The endemic equilibrium P* is locally asymptotically stable
in the absence of delays

71 = 19 = 0, iff the following Routh—Hurwitz conditions are satisfied

bo > 0,b4bs — by > 0,bo(bsbs — bo) — by(bsby — by) > 0 and by (ba(bsbs — by) —
by(bsby — bo)) — bo(b3(babs — ba) — (baby — bg)) > 0, with by, bs, by, by and by defined
in Appendix A3(b).

Using parameter values in Table 4.1 the characteristic equation (4.14) is given as
A%+ 0.7364A* — 148.4)\3 — 4.9408)\? — 0.3965\ — 0.0001806 = 0.

The resulting eigenvalues are given by: A\; = 11.8, Ay = —0.0005, A3 = —12.5357,
Ag5 = —0.01641 £ 0.48851.

Since there exist a positive root for model (4.1), there is a stability change from
unstable to stable of the endemic equilibrium point P* = (S*, V* E* C* I*) =

(2099, 6,54, 2,100) that gives rise to a Hopf-bifurcation.

4.5 Existence of Hopf—bifurcation

Under this subsection, we discuss the stability of the endemic equilibrium point of
model (4.1). We use the approach in Song & Wei (2004) to prove the conditions
for continuation of unstable or stable switches at the endemic equilibrium point.

By choosing time delay 7 = max = {71, 72} as a bifurcation parameter.
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4.5.1 Delay only in latent period (73 > 0,75 = 0)

In such a situation the transcendental equation (4.13) reduces to

A5 At A+ Eg A3+ ko N2 4 k) + Ky

F (YA 4 ha A 4 hod? + hy X + ho)e WY = 0, (4.15)

where ¢ = e "™ hy = ¢y(lo + nod), b1 = qy(li + n16), he = qy(ls + n26), hsy =

qy(l3 +9).

Suppose the endemic equilibrium of system (4.1) is stable in the absence of
delay (72) to seek medical care, implying that Re(\) = £(0) < 0. The bifurcation
value of 71, > 0 occurs when A(7y,) = £(7y,) + iw(7my,) is purely imaginary, for
£(m,) = 0. Hence, defining the eigenvalue A = wi, with infection rate oscilla-
tion frequency ( w > 0) and making a substitution in (4.15) and expressing the

exponential in terms of trigonometric ratios, we get

Im := a; coswt, + as sinwm, = Ry,

Re : as coswr — a; sinwt; = Ry, (4.16)

where a; = w(hy — haw?), as = w(yw?® — how) + ho, Ry = w(kzw? — (w* + k1)),
Rg = k2w2 — (k4w4 + k,‘g)

By eliminating 71 from equation (4.15), squaring and adding these two equa-

tions and putting w? = z, we obtain the Hopf frequency below

H(z) = 2° 4 Byz" + B3z’ + By2® + Biz + By = 0, (4.17)
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where By = ky — 2(k3 +7), Bs = k3 + 2[(k1 + 2ho7y) — (koks + h3)],

By = ko +2[(2h1hs + kako) — (kiks + 2hoy + h3)], By = k2 +2[2hoha — (h? + koko)],
By = 2h% + k3.

The two Propositions about stability and critical delay in Kirui et al. (2015) are
written as lemmas

Lemma 4.4.1. If the B;(i = 0,1,2,3,4) guarantee the Routh—Hurwitz criteria,
then all eigenvalues of (4.17) have negative real parts for all delay 7 > 0 . Thus
the endemic equilibrium P* if it exists is locally asymptotically stable whenever
71 > 0, provided the endemic steady state is stable in the absence of the latent
period delay, specifically T won’t affect the stability of the dynamical system, for
equation (4.17) without positive real roots.

Lemma 4.4.2. If B;(i =0,1,2,3,4) do not satisfy Routh—Hurwitz criteria, thus
By < 0 or By > 0 implies that (4.25) has at least one positive root and suppose
that, it has a pair of imaginary roots say xiwy, for such a value of wy,.
Consequently to obtain the main results in this work, we assume equation (4.17)
has at least one positive root w;,. By squaring and summing together the imaginary

and real parts in equation (4.16), we get

(2t b ! ) )
T = — arccos
v w(hy — haw?)? + (w(yw? — hyw) + ho)?
+ l arccos (w(yw® — how) + ho)(kaw? — (kyw* + ko))
ol R ) o

) (4.18)

2nm
+ —.
w
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By denoting

my 1 wi (hy — hawi ) (kswi — (wi + k1))
T = ——arccos 55 > 5
wy,, wy, (b — hawi )? + (w1, (ywi, — howy, ) + ho)
1 (w1, (vwifn — howy,) + ho)(kgw%n — (/{;411}‘11” + ko)) onm
+ ——arccos 73 3 5 | T ;
wy,, wy, (h1 — hawi)? + (w1, (ywy, — howy,, ) + ho) wy,,
m = 1,2,....mnéeN
Thus we define
Ty, = TT(L?)) = minlgn§5{7'1(2)}, Wy, = Why- (4.19)

and state the result as follows
Lemma 4.4.3. If 1y, and wy, are defined as (4.19) and H'(z = w?) > 0. The
endemic equilibrium point P* is linearly asymptotically stable for 7 < 7, unstable

for 7 > 11, and undergoes a Hopf-bifurcation at 4 = 1,,.

To ensure the occurrence of the Hopf-bifurcation, it is desirable to verify the
transversality condition. Without loss of generality, the delay 77 is chosen as the bi-
furcation parameter. The essential condition for existence of the Hopf-bifurcation
is that the threshold eigenvalues traverse the imaginary axis with non—zero veloc-
ity.

Proposition 4.4.1. If ®y(w,) > 0, where ®o(wy,) satisfies (4.22), system(4.1)
undergoes a Hopf-bifurcation at the endemic equilibrium as T increases through
Tlo-

Proof. (Transversality condition for Hopf-bifurcation)

Differentiating equation (4.15) with respect to 73 we obtain

dT1 (5)\4 + 4k’4)\3 + 31{?3/\2 + kl)e’\” + (4’)//\3 + 3h3)\2 + 2h2)\ + h1> _ 2(4 20)
h\ .

dr YNP 4 ha At + hoXA® + hiAZ + hoA
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r dX
= sign|Re(— ’1}
dTl ]712710 & L (dTl )\:iwlo

= sign _ReNl} + sign [ReNQ]

rcs(cq coswry + cosinwry) + ¢4(cq sinwry + ¢ coswry)

i ¢ +cf

r(hy — 3hsw?) + cyw(2hy — 4yw?

+ sign (hy W) 5 4“;( 2 W )]
L c3 +¢j

= sign

(4.21)

with

c3(cy coswty, + cosinwmy, ) + ¢4(cy sinwry, + ¢ cos wry,)
i+ cl
i(c3(co coswy + ¢, sinwTy,) — cq(casinwry, + ¢ COS W)
A+
(hy — 3haw?) + cqw(2hy — 4yw?) + i(c3w(2hy — d4yw?) + (hy — 3hzw?))
g+

N, =

)

N, =

Any linear combination of a sine and cosine of equal periods is equal to a single
sine with the same period however, with an infection rate oscillation phase shift
U (Sutton et al., 2007).

Therefore, we get

: (dRe)\)] . [ dr
_ Re(S4 ]
sign [ dTl TI=T1, Sieh e< dTl ) /\=iW10
Dy sin(wry + Uy) + (hy — 3haw?) + cyw(2hy — 4yw?)
2, 2
c3+cy

)

where ¢; = bw* — 3ksw? + ki, ¢co = 4kqw3, c5 = w(yw* — how? + hy),cqy =

w2(h3w2 — hl),

_ 2 2 1 _ _ 3 _ c3c1+caca
Dy = \/(0301 + c2c1)? + (c3cp + c461)?, Dy = cqwyy(2ho—4ywy, ), Vo = arctan aa-am,

Let

CI>2(w10) = DO Sil’l(U)lOTlO —+ \I/) + (hl — 3h3wf0)

+  cqwny(2hy — dywi) > 0 (4.22)
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, if conditions (wy,71, + Vs) € (7, %), hy > 3hzw?, and hy > 2yw;, hold. Clearly

. (dRe)\)] : [ dA
_ Re(S2 }
Slgn|: dTl T1=T1 Seh e( dTl ) A=iwgg
DO sin(w107‘10 + \112) + (hl - 3h3w%0) + D(l)

2 2
3+ ¢y

’

has the same sign as ®9(wy,). This completes the proof.

Therefore, Proposition 4.5.1 implies that given m > 0, the eigenvalue A, (71)
of the characteristic equation (4.15) close to 71, crosses the imaginary axis from
the left to the right as 7; continuously changes from a value less than 7, to one

greater than 7y, .

4.5.2 Delay only in seeking medical care by the infectious

(7‘1 = 0,7’2 > 0)

To understand the influence of time delay in seeking medical care, we set 7, =0

in equation (4.13) yielding

g, e ) = N+ p At 4 pad + pod? + A + po

(@A + @A+ @A+ @A+ qo)pyde ™ =0, (4.23)

where p = e™"™, py = ky+v,p3 = ks +137, p2 = ko +7,p1 = k1 + 117, p0 = ko + oy
41 = 0p, g3 = (M3+y+0)p, g2 = (M26+n270), 1 = (M1 +1170)p, go = (Mo+n076)p
Proposition 4.4.2. The endemic equilibrium point P* is locally asymptotically

stable (LAS) for 7o < 1o, where Ty, is the minimum positive value of

(p2w3 —pawy —po)(qawy ) —q2w3 +qo)+(gsw3 —quws ) (p3ws —w3 —prwa)

= _ 1
Tay = 4, ATCCOS - ) -
Py | (w3 —q2w3 +q0)> —(q1w2, —gsw3 )?

Proof. Let A =iw,w > 0 be a root of equation (4.23) to obtain
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P\, 72) = wdi + pyw* — p3w3i — pow? + prwi + po + (qw* — gzw3i — guw? + qrwi +
—iwT2

qo)pyde

Using Euler expansion, separating real and imaginary parts, we obtain

PYo((aw" — quw* + qo) coswry + (quw — ggw’) sinwr) = pyw? — pyw* — po,
pY9((w — gzw®) coswry + (qaw* — guw’® + o) sinwr) = pyw® —w®  (4.24)
- nhw.

Eliminating 75 from equation (4.25), by squaring and adding these two equations

and put w? = z, we obtain the Hopf frequency below
24 Ayt 4+ A3 4+ Ax? + Az + Ay =0, (4.25)

with coefficients in (4.25) in Appendix A3(c).

Let’s denote g(2) = 2°+ Agzt+ A323+ Ap2? + Ay 2+ Ay. Since lim,_, o, g(2) = +00
and Ay < 0, then equation (4.25) has at least one positive root. Assuming equa-
tion (4.25) has 7 positive roots, given by n(1 < 72 < 5), denote by 21 < 22 < ... z7),

respectively. Then, equation (4.25) has n positive roots if

’wl:\/Z_l,UJQ:\/Z_Q,...,’wﬁ: 25

From (4.25), the corresponding 75, > 0, for which the characteristic equation (4.13)
has a pair of purely imaginary roots eliminating sin w7, from the first and second

equations (4.25) and making cos(wy) the subject we get

(p2w? — paw* — po)(uw* — w? + @) + (g — Gw)(psw® — wW® — pyw)

COS\WTy ) = E B
( 2> (Q4w4 — uw? + CZO)2 + (C_I3”LU‘3 - C_Ilw)(CIlw - C_Iswd)PWS
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Thus, denoting

w 1 (p2w? — pawy — po)(qawpy — w2 + qo)
T, = —— arccos 1 5 5 3 3
wy, (qw) — w2 4 q0)? + (gzw3 — quwy) (quw, — gsw3)pyd
1 (qgwf’; - qlwn)(pgwf; - w?L - plwn)
+ — arccos 1 3 5 3 3
wy, (qawp — w2 4 q0)? + (3w — quwy) (Qw, — gsw3 )pyd
2m(k — 1
L k1) (4.26)
wy,
where
n=12...nk=12 ..., then 1w, are a pair of purely imaginary roots of

the equation (4.13). This allows us to define the Hopf-bifurcation threshold time

delay value as

1 (paw3, — pawsy, — po)(qaws, — w3, + qo)
Ty, = —— arccos
W2, pyo ((q4w§0 — w3, + qo)? — (quwg, — Q3w§0)2)
3 3 5
+ L arccos (g3w3, — qrwa, ) (P3ws, — w3, — p1ws,) (4.27)
W2o pyo ((q4w§‘0 — w3, + qo)? — (quwg, — qngO)z)

This completes the proof.
Proposition 4.4.3 If conditions

5wj, (1 + 2g2ws, ) + (3psw3, +p1) (Bgsws, +4gsws ) > 5wy (3gsw3, +4quws )+ (q1 +

9 q3w3 w3 qa+qo
2¢2wa, ) (3psws, + p1), —2 > 1, =2—— > 1 hold, such that ®,(wy,) > 0, then

q1 Qngo

system (4.1) undergoes a Hopf-bifurcation at the endemic equilibrium point as T
increases through To,, where expressions of ®1(wy,) satisfies equation (4.30) .

Proof. In order to establish whether the endemic equilibrium point P* actually
under goes a Hopf-bifurcation at 7 = 7, we let A(12) = B(72) + iw(7) be a root
of equation (4.13) near 7 = 7'2(5) and B(72)® = 0, as w(r)* = wy,. Making a

substitution into the L.H.S of equation (4.13) and taking a derivative with respect
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to A\, we have

dry (BN + 4pg A3 + 3p3A? + 2po\ + py el (4quA3 + 3q3 A% + 2o\ + 1)
dA (@aA° + @At + @A + @A + @A)pyd pyo(@A’ + @A + A3 + 1A + qo)
T2
- = 4.28
> (128)
Computing the sign of ‘WZLTS‘H, from the characteristic equation (4.13) and solv-

ing (4.28) at 1o = 79, with A = tws, and expressing sin(wsq,7s,) and cos(ws, T2, ),

we obtain sign [@} = sign [Re((?_/\)il} )
72 T2=T2, T2 )\:iwzo
_ sign [Refl cosdy ‘I_.fQ sin dg N Rei(fg cosdy +'f4 sindp) + Re f5 _ _Re. Ty |
g1 +igo (g1 +igo) g1 +igo iwa,
— sign [Re g1(f; cosdy + f3 sin d0>2 — ig;(fl cosdg + f sin do)] N
g1+ 83
. gg(fg COS d() + f4 sin do) + lgl(fg COS d() + f4 sin do)
sign [Re R ]
g1 + g3
. f5g1
+sign [Re—} , 4.29

gl +83 (4:29)

with coefficients in Appendix A3(d).
With linear combination of a sine and cosine of equal periods being equal to a

single sine with the same period, equation (4.29), gives

g1(\/12 + £2(sin(dg + Uy))) + g2+/15 + 3 (sin(dg + V1)) + f5g1]

sign[
gi + 8}

with W = arctan %, U, = arctan% and fy # 0, fy # 0.

Let

Dy (wa,) = gin/ [T + f3 (sin(do + Vo)) + g21/ f5 + f3 (sin(do + ¥1)) + f591(4.30)
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If @y (wsq,) > 0, with (dy + ¥(i—0,1}) € (7, 5, then sign[d(cie;)

} > 0, hence
T2=T2,

the transversality condition holds and the system undergoes Hopf-bifurcation.

4.5.3 Delay in latent period and seeking medical care ( 7, =

T =171 >0)

Making a substitution of 71 = 75 = 7 in equation (4.13), we get

g\, e ) = N5 4 kAt 4 kg 4 ko A2+ By A + ko
+((54) A 4 5303 + 5902 + 510 + 50)e

(55N 4 SHA2 + SIA 4 sp)e T = 0. (4.31)

with sy = (v +0)e™, 53 = (7l + m3d)e ™, 55 = (loay + mad)e ™, 51 = (liy +
myd)e HT

so = (loy + mod)e ™7, sy = (70)e 2T, sl = nadye 7, sy = nyyde 7 s =

noye 24T,

In order to examine whether or not the endemic equilibrium loses stability and
undergoes Hopf-bifurcation as an outcome with inclusion of the time delays,
a pair of purely imaginary root of the transcendental equation (4.31) is found.
Suppose the pair of the imaginary root is given as A\ = v with infection rate
oscillation frequency (v > 0), using Euler’s expansion and making a substitution

into equation (4.31), separating real and imaginary parts, we obtain

Jo COS UT + g1 SinvT + g sin 2vT = G, (4.32)

—@1 COSUT + go sinvT + g3 sin 2vT = G. (4.33)
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where gg = 510 — 830, g1 = $90% — 540" — 50, g2 = $902, g3 = s5v3 + S\,
G =05 + (ks + 53+ s5)v° — (k1 + s))v, Go = (kg + sh)v? — (kgv* + ko + sp).

Squaring and adding equation (4.32) and (4.33), we get following equation
g+gi—Gi—-G= —%(gg + g3)(1 — cos 4vr). (4.34)
suppose || cos4vT|| < 1, equation (4.34) leads to
G+ G — (g +91) =0, (4.35)
which reduces to

Ulo + (2(1{33 + S3 —+ Sg) + k’z — SZ)US + ((k)g + S3 + Sé)Q
+2(ky + 8)) — 2ky(ky + 55) + 25954 — 53)0°
+(2(ky + 84) (ks + 53 + s5) + 2ky(ko + sp) + 25153 — (53 + 25054) 0"

+((k1 + 81)% + 25082 — 2(ka + sh) (ko + s) — s1)0° + (ko + s4)> = 0. (4.36)
Let z = v? such that we obtain equation (4.36) in terms of z
L(2) = 2° 4+ ugz* +us2® 4+ up2® + w2 + ug, (4.37)

with uy = 2(ks+ 53+ 85) + k2 — 53, uz = (k3 + 53+ 55)% +2(ky + 51) — 2ky (ko + 53) +
(28284 — S%), U = Q(k’l + 8/1)(]{33 + 83 + Sé) + 2]{74(k70 + 86) + 28183 - (8% + 28084),

ug = (ko + sp)%ur = (k1 + 81)? + 25089 — 2(ko + s5) (ko + s§) — 5.

Since equation (4.37), has a high degree polynomial we compute the eigenvalues
numerically by using parameter values in Table 4.1. The resulting polynomial is
25 —295.182* — 130.182% + 92.5222 — 0.15038z + 2.6 x 10712 = 0.

Therefore, the following eigenvalues are obtained
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21 = 295.62, 20 = 0, z3 = 0.001629, 2z, = 0.38024, z5 = —0.8212.

We observe that there is only one negative real root which does not guarantee sta-
bility of model (4.1) in the presence of time delays 7 = 77 = 75 > 0, thus by Lemma
4.4.2 there exists a pure imaginary root w,. such that a critical time delay 7. is

achieved for which there is death or birth of period oscillations (Hopf-bifurcation).

Equation (4.34) yields

1 2 2492+ 2 — (G2 4+ G2 -
Te = —— arccos (92 95t <902+ g12 (G + 2))) ji;j =0,1,3,...(4.38)
Vo 95 + 93 209

with A = v (a purely imaginary root of equation (4.31)), if condition g2 + g3 =
G? + G2 and 7 € [0,7,) holds. Without loss of generality, let v, represent the
value vy corresponding to 7.. We thus state the result below:

Proposition 4.4.4 If condition g2 + g = G3+ G2 holds, then the chronic steady
state P* is locally asymptotically stable for T € [0, 7.), unstable when T > 7. and

undergoes a Hopf-bifurcation.

4.6 Model results and discussion

Here, MATLAB dde23 function is used to obtain numerical simulations of
model (4.1). Parameter values in Table 4.1 are used in the simulation. The
positive endemic equilibrium is P* = (S*, V*, E*, C*, I*) = (2099, 6, 54, 2,100). In

the absence of delays 71 = 7 = 0, the characteristic polynomial equation (4.14) is
A° +0.7364\" — 148.4007\° — 4.9408)\* — 0.3965A — 0.0001806.

The corresponding eigenvalues are: A\; = 11.8366, Ay = —0.000472, A3 = —12.5357,

A5 = —0.01641 £ 04885:i. Therefore, since the eigenvalues have one positive
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Table 4.1: Parameter values

Parameter value /unit Source

b 22 day~! estd

v 2.53 x 107° (Sutton et al., 2007)
ol 3.3333 x 107! day ! assumed

1 2.0547 x 1073 estd

0 3.3 x 107! day ! (Ngari et al., 2016)

p 1.096 x 1072 day ! (Ngari et al., 2014)

0 3.5714 x 10~ 2day ! (Melegaro et al., 2010)
¢ 5.4794 x 10~ *day ! (Melegaro et al., 2010)
v 0.54 (Lindstrand, 2016)

I&4 1.0102 x 10~* day ! assumed

T 1-3 days (White et al., 2009)

T 2 days (Kéallander et al., 2008)

root and four negative roots, the endemic equilibrium changes state of stability
from unstable to stable thus under goes a Hopf-bifurcation ( see Figure 4.3).
This implies that as time approaches infinity, the partial populations are sta-
ble and pneumococcal pneumonia can no longer cause harm to individuals.

The numerical simulation of equation (4.15) yields the characteristic roots as:

AL =0, Ao = 14.4621i, Ay = —14.4416,

A = £0.00041 + 0.37714, \s = £0.0579 + 0.1335¢. As 7 increase from zero, there
is a value 71, > 0 such that the endemic equilibrium is stable for m; € [0, 7]

and unstable for 71 > 7,. At this critical value, the endemic equilibrium loses
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Figure 4.3: (a& b) Stability of the endemic equilibrium showing Hopf-bifurcation,
with initial variables: S(0) = 5586,V (0) = 22,C(0) = 64, 1(0) = 11, E(0) = 100.
(c& d) The evolution of the infected, the susceptible and corresponding I-S
portrait and 3-D phase trajectories, (with Ry = 15.4, Ry = 15.14, Rj = 0.271
parameters:y = 2.0547 x 107*,¢ = 3.574 x 1072. The rest of the parameters
remain fixed as in Table 4.1.

stability and Hopf-bifurcation arises. The real positive root is w;, = 14.4621 and

the critical time delay 71, = 0.109 of a day ~ 3 hrs.

Figure 4.4 shows the evolution of the susceptible and infected population of
system (4.1). The low and high peaks in the number of susceptible and infected
individuals indicate the season peak of the disease. If 7 < 779 = 0.109 of a day
~ 3 hrs, the partial populations of the susceptible and the infected are stable
whereas if 71 > 79 = 0.109 of a day = 3hrs, the populations are unstable and
it’s hard to predict the future pattern of the disease prevalence. The numerical
computation of equation (4.23) yields eigenvalues A\; = 0, \y = 0.06508i, \3 =

—0.06522, \y = —12.038, A = —12.3263.
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Figure 4.4: Simulation of model (4.1) for 7, = 0 and 7y > 0, with initial variable
values: (S(0),V(0), E(0),C(0),1(0)) = (3280, 30, 10,10,100). The rest of the
parameters are as in Table 4.1.

The positive root wyy = 0.06508 and the critical time delay 75, = 26 days, hence
system (4.1) is stable for 7 < 26 days and unstable for 7, > 7,. A characteristic
polynomial (4.31) corresponding to two delays is solved to give the eigenvalues
as; A\, = 0, \y = —17.1963, A3 = —0.6166, A\, = —0.04036, \s = 0.9026i, the real

positive root w, = 0.9062 and the critical time delay 7. = 2.069 days.

Figure 4.5 depicts the time series solution approaching their equilibrium point
as time approaches infinity. This confirms the stability of the system when the
value of time delay is less than 7, = 2.069 days and instability of the system if

T > 7. = 2.069 days (see Proposition 4.5.3).
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Figure 4.5: Stability of the endemic equilibrium P* for 7y = 75 = 2 days. The rest
of the parameters are as in Table 4.1.

To explore the effect of time delay 7 on pneumococcal pneumonia, we fix

time delay 3 = 3 days, and the parameter 7 is varied (Figure 4.6). The rate
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Figure 4.6: The effect of varying 75 on the dynamics of model (4.1). The delay 7,
was chosen as 7o = 2.5, 3,3.5. All other parameters remain as stated in Table 4.1.

of convergence to stability of the endemic equilibrium point is attained with
a reduction in the delay and a divergence is due to an increase in the delay
that results into instability of the system. This gives rise to Hopf-bifurcation

phenomenon.
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Figure 4.7: The effect of varying time delay 7 on the dynamics of model (4.1).
The delay 7, was chosen as 7 = 0.5,2,8.5. All the parameter values are the same
as in Table 4.1.

In Figure 4.7, time delay 7 is fixed at 2 days in order to study the effect
of time delay 71 on model (4.1). We observe an increase in the magnitude of
the amplitude of oscillations as 77 increases, thus divergence from the endemic
equilibrium occurs leading to unstable state. This implies that the disease will
persist in the population with increased delays if there is no intervention instituted
to reduce the delays. On the other hand a decrease in 7; guarantees the asymptotic

stability of the endemic equilibrium which implies the disease can be eradicated
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from the population.

In this Chapter, a mathematical model to study the effect of two time delays
on the dynamics of pneumococcal pneumonia with vaccination is analyzed. The
results show that, without delays (1, = 75 = 0), the disease—free equilibrium P, is
locally asymptotically stable if the control reproductive ratio Ry < 1, whenever

conditions (u + ¢)(p + v) > (v and R < 1 hold, and unstable if Ry > 1.

The results revealed that the endemic equilibrium is locally stable without de-
lays and stable if the delays are under conditions. The transversality conditions
for the existence of Hopf-bifurcation are stated and proved for three cases; (1)
m=0,1=7>0,12)7m=7>0,1=0and (3) ; =7 =7 > 0. Critical values
at which Hopf-bifurcation occur have been obtained. The results show that at
critical values 7, = 0.109 ~ 3 hrs, 79, = 26 days and 7. = 2.069 days, the endemic

equilibrium losses stability.

Basing on the numerical simulations obtained, we found out that when 71 , 7 are
below the critical values 7, and 7, respectively, model (4.1) is asymptotically
stable. Which implies that the number of individuals in the five subpopulations
will be in ideal equilibrium and prevalence of pneumococcal pneumonia can easily
be controlled. Conversely, if the value of the delays 7, 7 are greater than the
critical values 7y, and 7y, respectively, a Hopf-bifurcation arises this phenomenon
suggests persistent of pneumococcal pneumonia in the population. The number
of individuals will fluctuate periodically, this is not helpful, effort should be put

to control such a phenomenon.

We note that longer time delays destabilize the system and give rise to Hopf-bifurcations.

This explains the oscillatory seasonal change of pneumococcal pneumonia disease
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in human population whose immune systems are weak. Therefore, measures to
reduce delays in latent and seeking medical care during pneumococcal pneumonia

epidemic should be prioritized.

In the next Chapter, the effects of antibiotic resistance awareness and saturated
treatment in the dynamics of pneumococcal pneumonia are discussed. Individuals
have limited knowledge about antibiotic resistance during pneumococcal pneu-
monia treatment that has led to relapse of the disease and increased death in

children below 5 years of age and the elderly.
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CHAPTER 5

MODELING EFFECTS OF ANTIBIOTIC
RESISTANCE AWARENESS AND
SATURATED TREATMENT OF
PNEUMOCOCCAL PNEUMONIA

5.1 Introduction

Antibiotic resistance is a major world wide threat to the provision of safe and
effective health care. Evidence for treatment failures of antibiotic-resistant to
pneumococcal pneumonia has been more difficult to document Schrag et al. (2001)
and this limits developments in the control of the disease. Misuse of antimicrobials
in developing countries is aided by their availability over the counter, without

prescription and through unregulated supply chains (Ayukekbong et al., 2017).

In this Chapter, a model of pneumococcal pneumonia with antibiotic resistance
awareness and saturated treatment is developed and analyzed in an attempt to

reduce the incidence of pneumococcal pneumonia in humans.

5.2 Model formulation

The total population under consideration is N (t), comprising four classes with
the susceptible and infectious each partitioned into two. The susceptible class

consists of; the aware individuals S,(t) that have had a chance to attend the
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available antibiotic resistance awareness programs, and the unaware individuals
Sy (t) that have never heard of the prevailing programs or have heard of the exist-
ing programs but have not responded. The infectious class consists of; infected
individuals receiving treatment I(t), and infected individuals but resistant to first

line treatment R(t).

Thus unaware class is increased through a constant recruitment B and fading
of information of aware individuals at a rate £&. The Infection is spread through
the interaction of infected and susceptible individuals. Considering a reduced

incidence rate of the form, g(I) = (81 — %TII), where m > 0 is the effect of media

coverage on the contact transmission, 5 > 0 is the maximal effective contact rate
before awareness and (; > 0 is the maximal reduced effective contact rate due
to media alert in the presence of infective individuals. The transmission term
has been considered because in real life, every individual will take precaution to
protect themselves from infections as sooner as infected individuals with antibiotic
resistant bacteria have been identified /reported in a wholly susceptible population
which will reduce the disease spread. Again, with the rate of media awareness
impact in both the numerator and denominator because infected individuals have
to constantly be educated/reminded of proper prevention and control measures
even after correct treatment has been administered. The fact that the coverage re-
port about antibiotic resistance against existing treatment doesn’t prevent spread
of disease completely then 5 > 31 > 0. The unaware individuals transfer to the

aware class after receiving information through private individuals at a rate v.

The transmission rate in this model is a bilinear incidence term 35S5,1 with
By > 0, is the contact rate between aware individuals and infected individuals.
The infected class, is increased through the relapse of resistant individuals at

a rate . It is assumed that infected individuals upon receiving the first line
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of treatment tend not to complete the prescribed medication and develop resis-
tant bacteria that may require costly treatment to be eliminated. A saturated
treatment is considered because there exist delays in administering treatment by
infected individuals and the medical resources may be limited. Suppose treatment
to infected individuals is administered at a rate ¢, and is either cleared of the
pneumococcus or acquires resistance. Modifying the saturated treatment proposed
in Zhang & Liu (2008) by incorporating, 7 = ﬁ which describes the effect of
infected individuals delaying to seek treatment, where D is the number of days
delayed in taking treatment (Obolski et al., 2015). Thus the saturated treatment
we use in our model is of the form 7'(I) = % However, if 7 = 0, the saturated
treatment function becomes linear, that is T'(I) ~ ¢I, if the number of infected
individuals is minimal 7'(I) ~ 0, and if the number of infected individuals grows
large, T'(I) ~ ¢. The probability of acquiring resistance to first line treatment is
p. Finally the rate of resistance acquisition upon treatment with the antibiotic is

p¢, and a fraction of infected individuals respond to treatment and recover from

the disease, thus transfer to the aware class with a clearance rate (1 — p)¢.

Individuals who are treated incorrectly or individuals who do not take the right
dose at the prescribed time become resistant to first line treatment and a correct
treatment is administered after a delay period 7. Descriptions of state variables

and epidemiological parameters are summarized in the nomenclature.

5.3 Model assumptions

The assumptions of the model are stated:

(i) All new recruitments (through birth and immigrants) are unaware.

(ii) Aware susceptible individuals transfer to unaware susceptible class due to
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loss of memory or social factors.

(iii) Antibiotic resistance awareness is disseminated by private individuals and

the media at rates v and m respectively.

(iv) Antibiotic resistance is gained through mutations, due to exposure to an-

tibiotics (Dagbas1 & Oztiirk, 2016).

(v) The maximal effective contact rate before awareness to be greater than the
maximal reduced contact rate due to the alert in the presence of infective

individuals
(vi) Infected individuals are immediately treated with first line of treatment.

(vii) All subpopulations are decreased by a natural mortality rate p.

With the assumptions, variables, parameters and the transition diagram in Fig-
ure 5.1, our proposed model for the dynamics of pneumococcal pneumonia is
governed by the system of nonlinear ordinary differential equations got by apply-
ing the balance law of compartments stated as: rate of change=inflow transition
rate—outflow transition rate that is: X = sum of inflow transition rates— sum of

outflow transition rates.

Su - B+€Sa—(9([)+vl‘|‘#)5u,
Sa = U[Su + (1 —p)(I)T(I) - (521 + 5 + H)Saa (51)
I = g(I)Sy, + B2S. +~yR — OT(I) — (1 + )1,

R = p®T(I)— (v + p)R.

where
T(I) = 157 and g(I) = (BT — i),
with initial conditions: S,(0) = S, >,5,(0) = Sa0 > 0,
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Figure 5.1: A transition diagram showing the dynamics of pneumococcal pneumo-

nia,

with T(1) = 5, 9(I) = (B — 22,

I(0) = Iy > 0, R(0) = R° > 0. Since model (5.1), describes human populations,

all state variables and parameters are assumed positive for all ¢ > 0.

Building on a mathematical model developed by Kizito & Tumwiine (2018), new
compartments of susceptible and infective have been incorporated. Sub-dividing a
compartment of susceptible into: aware individuals, unaware individuals; and the
infectious into: infected individuals receiving treatment, and infected individuals
resistant to first line treatment. A relapse of resistant individuals, a modified
saturated treatment and a reduced disease transmission rate with the effect of

antibiotic resistance awareness through media are also added.
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5.3.1 Positivity of solution trajectories in model (5.1)

Lemma 5.2.1. Solutions of model (5.1) with initial conditions S,(0) = Sy,o >
,S4(0) = S0 >0,1(0) =1y >0 and R(0) = R® > 0 are always non—negative for
all t > 0.

Proof. Suppose S,(t), Sa(t), I(t), R(t) are solutions to model (5.1), then from the

first equation of model (5.1), we have

d
—%3=B+6%—9Uﬁh—wﬂrﬂwbz—@U%Hﬂ—uﬁb (5.2)

By using the technique of separation of variables we have

Su(t) > Syoexp(—(ut +/0 (g(1(8)) +vI(6))do)) > 0. (5.3)

Therefore, the solution of S,(¢) in equation (5.3) is non-—negative for all t > 0.

Applying the same technique to the remaining variables of model (5.1) we get

suwzswwm—@+u%géﬂﬂwmwza

I(t) = Iyexp(—(u + 8)t) > 0 (5.4)
and
R(t) > R’ exp(—(y + p)t) > 0. (5.5)

Therefore, all solutions of S,(t), I(t) and R(t) in equations (5.4) and (5.5) are

non—negative for all times ¢ > 0. This completes the proof.
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5.3.2 Invariant region

Here we obtain a region in which the solution of model (5.1) is bounded. For this
model the total population is N = S, + .5, + I + R, such that the rate of change

of the total population is

dN

— = B—uN —461 5.6
dN

— < B —uN. )
i I (5.7)

Equation (5.7) corresponds to instances of no pneumococcal pneumonia related

death. Therefore, we obtain
B —ut
N < Noe " 4+ —(1—e"). (5.8)
i

Where, NO = Suo + SaO + [0 + RO.

Thus, from equation (5.8) we have
B
N(t) < max(Ny, —) (5.9)
I

Then,0§3u+5a+I+R§§.

This implies that the region D = {(S,,S,, [,R) e RY: S, + S, + [+ R =
N < %}, which implies N () is a bounded, and so are S, S,, I and R.
5.3.3 Existence and uniqueness of the steady states

From model (5.1), equating the right hand side to zero. The Proposition 5.3.1
shall represent the existence and uniqueness of the endemic steady state.

Proposition 5.3.1. If conditions (v + p)(u+6) > ®(y(p— 1) — ), B > I*d,
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(vI* 4+ p)(Bol* + &+ p) > vI*(Bol* + &) and (® + p+ 0)(y + ) > pPy hold,
then model (5.1) will admit a unique endemic steady state, E* = (Sk, S*, I*, R*)
if Ry > 1.

Proof. Suppose E* = (S, S* I*, R*) is a steady state of model (5.1) satisfying

the system below

B+&S; — (g(I") +ol" +p)S; = 0,
vIFSE + (1 — p)OT(I*) — (BoI* + €+ p)S: = 0, (5.10)
g(I")SE + BySiT* + yR* — ®T(I*) — (u+6)I* = 0,

p®T(I*) — (v + R = 0.

From equation (5.10) it follows that if we let I* = R* = 0 then we have the
disease—free steady state Ej = (50,59, 10, RO) = (& Bu=ib=i® ) () that exist

wr Mar v e,

for all epidemiological parameter values.

On the other hand, if I* # 0, R* # 0, then we have the endemic steady state

E* — (S* S* [*,R*),

where
o U + 1) (BoI* + & + p) (B — I*d) + (BoI* +§)(1 — p)@I*
v K(1+7I%) ’
o vI*(1+7I*)*(B — I"d) + (1 — p)®I* (vI* + )
@ K(1+47I¥) ’
. pdI*
R —
(v + )1 +7I)
oo o —ry + \/er — 4rary)
- - 27“2 ’
with
ro =m(B — £1)Sy +m(IP + @) — (u+9),
ri=(B+7m(B—B1))S; +7(8— Bi)m+ L%+ ¢ — (u+6)(1+7m),

Y+p

118



ro = 7(8S; — (1 +9))

d=(v+p)((y+w)(p+0) =2(y(p—1) = p)),

K = (I + p)(BoI" + & + p) — vI*(BI" +€)).-

Therefore, there exists a unique endemic steady state E* provided conditions
(V) (p+0) > @(v(p—1)—p), B > I"d, (01" + p)(BoI* + &+ ) > vI*(BoI* +)),

r1 <0, 79 > 0 and ry < 0 hold. This completes the proof.

5.3.4 The basic reproductive number

Computing the basic reproduction number, Ry for model (5.1) by the method
introduced by Van den Driessche and Watmough Van Den Driessche & Watmough
(2002) according to which Ry = p(F'V™!), where p is the spectral radius of a
matrix (the maximum eigenvalue obtained from the matrix). Let F and V be

vectors representing new infections and remaining transfer terms respectively

G(Su, I) + 2Sal OT(I)+ (n+0) — YR
F = V= . (5.11)

0 (v + p)R —p®T(I)

The infected compartments are I and R, at disease—free steady state we

obtain matrix Jacobian’s F' for F and V for V from (5.11) to have

(B—B1)S% + 5,52 0 O4pu+5 —n
b= Vo= . (5.12)

0 0 —p® v+
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Thus, the next generation matrix for model (5.1) is evaluated as

((B=B1)Su+B2S0)(v+p)  ((B—=B1)Su+B28a)v
(+p+8)(v+p)—py®  (P+p+0)(y+p)—py®

FV— = : (5.13)

Therefore, making substitutions of Su” and S?, the basic reproduction number

for model (5.1) is

o - (@ +p+0)(y+ p) —pPy : (5.14)

5.3.5 Local stability behavior of the disease—free steady

states

Proposition 5.3.2. If condition ® + p+ &) > p®y hold, then the disease—free
steady state Ef s locally asymptotically if Ry < 1 and unstable for Ry > 1.

Proof. The Jacobian matrix of model (5.1) at Ef is given as

— 13 J13 0

0 —(+pn) Jos 0
J(By) = . (5.15)

0 0 J33 Y

0 0 p® —(v+np)
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with

(B =B+ v)(€+n)

J13 - - )
v
b = (A=p)+0)€tp)  B(Bu—pg—p?)
23 — v e )
Sy = BPEHn)  BBU—p ) g
v U

The characteristic polynomial of the matrix in (5.15) is given by
|J(E0) —>\[| :)\4+m3)\3+m2/\2+m1)\+m0 = 0. (516)

where mg = w +(Ap+d+o+7+E) — Ba(Bo—pe—pi?).

pv

— v— 2
my = (€ -+ p) (o) _ b (@t it 6) 4 (y+1) ) + g (€ 0) + (B —
6(5:#) _ 52(31};55—#2) + (‘I>+u+5)+ (’Y+M>> + (’Y+M) ((61—,62(&#) _ ﬁQ(BU:“/jé_u2) +

(@+p+9)) —p@
my — M((Hu)(ﬁrﬁ)(&u) _ BBot®) (& 4 4 6)  (y u))

v Qo
_B V— 1l — 112
(7 + ) (€ ) (LR o 2B (@ 4y 1 6) ) — @,
mo = —(E+ p)p ((qu) + o+ M><(6—513(€+u) + BQ(Bv;ffg—# ) (D + p+ 5))) )

Therefore, the characteristic roots determined from polynomial equation (5.16)

are

M=, do=—(E+p), 3= —(% + (’Y;ru) + \/Ef2+2f(72+u)+4p7¢’))7
M= — <% + (V;ru) _ \/zf2+2f(“;+u)+4m‘1>)).

with

f= (5*513(5+#) + 52(312557#2) (@44 0).

Since all eigenvalues computed from polynomial equation (5.16) are negative,
(v+11) (B=B1)(&tp) | Ba(Bu—p—pi®)
£ () \/Ef 242f (y+p)+H4py®) . . v v
5+ 5 > 5 , implying that T o
(B=B1)(6+n) | Bo(Bu—pg—p?)
(7+u)< o)) | Py(Boeu >
(V) (P+p+0)—pdy <

1, that is: Ry < 1 implies that Ay < 0. Thus Ej is locally asymptotically stable.

<1,

hence if condition ®+p+0) > pdPy hold, then Ry =
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Further, if Ry > 1 then Ay > 0 which implies Ej is unstable. This completes the

proof.

5.3.6 Local stability of endemic steady state

Proposition 5.3.4. Suppose condition (vI* + p)(Bol* 4+ & 4+ ) > vI*(BoI* + &)
holds, then the endemic steady state E* of model (5.1) is locally asymptotically
stable in D for Ry < 1.

Proof. The variational matrix at E* is given by

J(EY) = . (5.17)

g 1" h Y

0 0 I —=(v+n

where a = —(BI" — 220 4 ol 4+ p), f = —((p— ) — v} + B85, € =
—(BoI* + & + 1),

¢=—(8— gy + 0S5, 9= (BI' = ()8, 1= e

h = B2S; + (B — n’fﬁ:? 2)Sh — (1+T (@ +p+0).

The characteristic equation associated to the variational matrix (5.17) is given by

|J(E*) — M| = A* 4+ b3\® + by A2 + by A + by = 0. (5.18)
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with bs = —(a + e+ h — (v + ),

by = h(a—l—e) - (7+,u)<h+a> -I—e(a— (7+u)> — (fﬁg]* + &ul* +7l—|—cg>,

by = cg(e— (’y+,u)> +fﬁzl*<a— (*y—i—,LL)) + <a+e> (*yl+h(*y+u)) + (h— (v+
u)) (5@[* — ae>

~ (efg+cvmr?),

by = —B2I*(y+ 1) (cvf*—af) —g(v+np) (ff—ce) +1 (£vl* —ae> (vl+h(7+u))-
Evaluating the coefficients of polynomial equation (5.18) using parameter values
in Table 5.2, we have

by = 2531.7, by = 10981, by = 3545.26, by = 2215.745.

Thus polynomial equation (5.18), becomes

A+ 2531.7A% 4 10981\% + 3545.26\ 4 2215.745 = 0.

Using polynomial function in MATLAB, the eigenvalues obtained are

A1 = —0.7792, \y = —248.64, \3 = —1.789 — 2.868i, \y = —1.789 + 2.86:.

Since Re()\;) < 0, the endemic steady state is locally asymptotically stable. This

ends the proof.

5.4 Global stability of the equilibria

In this Section we deal with the global stability of steady states of model (5.1)
using Lyapunov functionals with LaSalle’s invariant principle. Since it is often hard
to construct appropriate Lyapunov functions especially in epidemiological models
with nonlinear and bilinear incidence rates, existing techniques for constructing
Lyapunov functions have been improved see Vargas-De-Leon (2011). We propose
the combination of quadratic and linear Lyapunov forms in the construction of
Lyapunov function to prove a Theorem for global stability of disease—free steady

state of the form

U2y, w2, 23, 14) = C(ZL G xf)2> + (@i - a).
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*

where ¢ is a positive constant, Zz e (x — x})? represents a class containing
susceptible population and Zi:S(l‘i — x}) represents the remaining classes e.g
infected and recovered. Whereas the Goh-Lotka—Voltera Logarithmic of the form

V(w12 w3, 20) = (i (2 — o] — ailnZ),

is used to prove the Theorem on global stability of the endemic steady state.

5.4.1 Global stability of the disease—free steady state

Theorem 5.4.1. By Proposition 5.3.1, if the disease—free steady state Ef of
model (5.1) is asymptotically stable, then Ef is globally asymptotically stable in
D.

Proof. Consider U : D — R that is defined by

1
U(Sua Sa? [a R) = C(Q_SO(S“ - 53)2 +

u

1
S5 (Sa = S0+ (1 = )

+ ¢(R—R?). (5.19)

with ¢ = 1. We find the derivative of the positive semidefinite function with

respect to time along the solution of model system (5.1) to get

du Su—28. S, —5S0.

SO)

il 50 “ Sy + 50 “S.+1+R,

% = uSl(go—%Hgs(go—%H1¢[I(1—p)(2+§0)+5251( Sa
-0 T — (S - 2+ 2= B 1 R) - 14 m)

T < msde-2+2a- B - Me - Bs

u

— u(I+R)— (5] +~R).
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Lemma 5.4.1. Let ay,as,...,a, be m positive numbers. The arithmetic mean

aitast-tam
m

_ . : - 1
a= is greater or equal to the geometric mean a* = (a3 Xag X« X ay,)m,

that is @ > a* . Applying Lemma 5.4.1 to equation (5.20), we have

dUu Sa S?2 S0
&< _Pay Parq _ Pa
dt = B2SCLI(2 Sg) + Sa (1 Sa)
ﬁlm Su
+ (B2 Sg)sul. (5.21)

Thus, due to local stability of Ey or Ey, then Cfl—(t] < 0 for all (S,,5,,1,R) € D.
However, the strict equality % = 0 is valid for S, = S2,5, = 52,1 = 0 and
R = 0. Then the largest invariant set {(S,, S,, 1, R) € D : 24 = 0} is reduced to
the disease—free steady state Ejj. Therefore, by the LaSalle’s Invariance Principle

LaSalle (1976) Ej is an attractive point that is globally asymptotically stable in
D.0O

5.4.2 Global stability of the endemic—steady state

Theorem 5.4.2. If by Proposition 5.53.1, the unique endemic equilibrium of

model (5.1) is asymptotically stable, then E* is globally asymptotically stable in
the interior of D.

Proof. The Lyapunov function is defined as

* * Su * * Sa
W (S, Sa, I, R) = cl(su—su—su1n5—5+sa—sa—sa1n5—2>
+ o(I-I—Ihp+R-R—Rho) (522
with Clzl,CQZROI ()

(®+p+0) (y+u)—pPy

Function W in (5.22) is defined, continuous and positive definite for all S, Sy, I, R >

0. Thus, the function W(S,, S,, I, R) takes the value W (S,,S,, I, R) = 0 at the
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steady state £*, and the minimum value of W (S, S,, I, R) occurs at the endemic

steady state E*. We compute the derivative of W along the solution trajectories

of model (5.1), as

W

Since (

) S ) (08I0~ )+ BT - )

* * *

iy . S:l" . .
1_S_u)+sa(1_S_a>+02(l(1_7)+R<l_E>7
- S_u> +£Sa<1 S_u) +g<I )Su(su 1) + vl Su(Su 1) +:uSu(Su 1)

Sy Sy Sy

oIS, (1= ) + (L =p)oT(I")(1 = ) + foI" S5 (5= — 1)

Sa Sa Sa
S* I* I

Se, I

L= )+ 6T() (T — 1)+ ()17 — 1)
pOT(I)(1— )+ (4 R (e~ 1)), (5.23)

I*, R*) is an endemic steady state of model (5.1), we have

B = g(I*)S + vIS* + puS: — £S7

and making a substitution of B in equation (5.23) and collecting like terms, we

get

* Ok S; 51m .
rs; (v &) ralp -
o o R* S, . Sy
PTG (1= eoy ) + ST()(1 = )
I I

pea®T (1) — ®T(I*)co(1 — 7) — eI (1 — 7)

*2 I*
ﬁ’fa (1- 2Ly (5.24)
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B R T RS S
+ @T(I*)(l—%). (5.25)

Hence since the arithmetic mean exceeds the geometric mean, we have
(1-%)<0,(1-%)<0and (1-L) <0

We note that all model parameters are positive, therefore W < 0 for Ry > 1 and
the equality holds if and only if S} = S,, I* = I, R* = R. Hence, W is a Lyapunov
function on the interior of D, with the largest compact invariant subset of the
set where W = 0 is a singleton {(S,,S,, I, R) = S*, S* I*, R*}. By LaSalle’s
invariance principle LaSalle (1976), it follows that the endemic equilibrium E* of

model (5.1) is globally asymptotically stable in the feasible region D if it exists.

5.4.3 Sensitivity analysis of model epidemiological param-

eters on the control reproduction number

In this section, model parameters are varied with respect to the control repro-
duction number, Ry of model (5.1). Carrying out a sensitivity analysis of the
model parameters will help us in identifying and verifying model epidemiological
parameters that most affect the control reproduction number. Further, values
obtained for sensitivity indexes indicate epidemiological parameters to be targeted
for intervention purposes. The normalized forward sensitivity index technique is
used to obtain the index of Ry with respect to the parameters (Table 5.2). Hence,
Al = 86—? X -, with Ry =variable and ¢ =A differentiable parameter.

Since the availability of literature and data especially on antibiotic resistance

awareness of pneumococcal pneumonia is lacking, the qualitative predictions of

our model (5.1) is dependent on estimating some of the epidemiological parameter
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values Table 5.1.

Table 5.1: Parameters values

Parameter Value/day~1 Ref

B 5 assd

o4 0.0417 (Opatowski et al., 2010)
o5 0.0046 assd

Ba 0.000007498 assd

¥ 0.00145 assd

I 2.0 x 1074 (Kizito & Tumwiine, 2018)
m 0.5 assd

) 0.1 (Ruhe & Hasbun, 2003; Henneman, 2012)
13 0.3 (Greenhalgh et al., 2015)
o 0.9 (Lipsitch, 2001)

D 1-14 days (Pajuelo et al., 2018)

T 0.2703 assd

p 0—0.03 (Obolski et al., 2015)

v 0.0029 assd

From Table 5.2, the positive sign of sensitivity index of the control reproduction
number with respect to the model parameters indicates that an increase (or
decrease) in the value of each parameter in such a category will lead to an increase
(or decrease) in the control reproduction number of the disease. Whereas the

negative sign of sensitivity index of the control reproduction number with respect
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Table 5.2: Sensitivity index (S.I) of Ry w.r.t the parameters

Code Parameter S.I

1 I6] +1.07189
2 8 -0.11824
3 Ba +0.04635
4 D +0.00079
5 13 +0.95282
6 v -0.95345
7 B -0.13570
8 [ -0.04621
9 4] -0.10006
10 d -0.89974
11 o +0.79958

Sensitivity indices

1 1 1 1 1 1 1 1 1 1 1
12345678 91011
FParameter codes

Figure 5.2: Sensitivity indices of Ry, in relation to epidemiological parameters.

to the model epidemiological parameters implies that, an increase (or decrease)
in the value of the epidemiological parameter shall give rise to a corresponding
decrease (or increase) in the control reproduction number. For instance in Fig-

ure 5.2 the sensitivity (Ago ~ 1), means that, when ¢ is increased (or decreased)
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by 10%, increases or decreases Ry by 10%. Further, Figure 5.2, shows that the
control reproduction number is most sensitive to 3, 7, £ positively and v, ¢ nega-
tively. Thus, with sensitivity analysis, one is able to get appropriate information
on epidemiological parameters that can be targeted for intervention strategies
that would help in preventing and controlling the transmission of pneumococcal

pneumonia.

5.5 Model results and discussion

This Section deals with the numerical simulation results of model (5.1), that
are carried out in MATLAB’s standard solver for ODEs, the inbuilt function
ode45. The function implements a Runge-Kutta method with variable time
step for efficient computation. A discussion is also given. The epidemiological
parameters chosen for the purpose of simulation are given in Table 5.1. The

importance of Ry is well demonstrated in all simulations. From Figure 5.3(a) the

4
xz 10
3 500

25 b 400
k| 2 H 300
o 15 — unaware susceptibles g
% aware susceptibles & 200
= 1 = ——— Unaware susceptibles
=3 (=]
2 05 o100 — Aware susceptibles
0 0
-0.5 ; ! 5 : !
i} 20 40 a0 mDD 20 40
Tirmefdays Titnefcays
(a) (b)

Figure 5.3: Stability of the disease—free steady state (a) With parameter values
£ = 0.0001865 and £, = 0.00046. (b) With parameter values 8 = 0.0417,v =
0.00145, 5, = 0.046 and By = 0.00007498. Choosing initial values S, = 103, .5, =
24896, I = 0, R = 0 and all the parameter values are the same as in Table 5.2

Unaware and Aware populations approach disease—free steady state with unaware
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individuals maintaining a high number compared to the aware individuals. The
control reproduction number is less than unity that is Ry = 0.3323 < 1, thus the
disease—free steady state is stable. The stability of the disease—free steady state
means pneumococcus bacteria can completely be eliminated from the population
and no more cases of pneumococcal pneumonia can be reported. Figure 5.3(b),
shows that if Ry = 1.9258 > 1, the disease-free steady state is unstable, implying
that if one infected individual is introduced in a wholly susceptible population,
infected cases would rise and more unaware individuals are at a risk of contract-
ing pneumococcus bacteria. This would require control strategies to reduce the

transmission of the disease at the earliest time possible.

Considering our main results in Section 7?7 and 5.4, Proposition 5.3.6 and Theo-
rem 5.4.2 show that the endemic steady state is locally asymptotically stable since

Re();) < 0 and globally stable if Ry > 1. Figure 5.4(a), shows global stability

300 100

— Unawre susceptibles Unaware susceptibles

— Aware suzceptibles 20 Aware susceptibles

" 600 Infected individuals 7 i Infected individuals
&> i Resistant individuals H Resistant individuals
g g 1]
E =
=y 2 40
& .

20

(i
e ; : 0 ;
0 1 200 300 i} 100 200
Timefdays Titne/days
(a) ()

Figure 5.4: Stability of the endemic-steady state (a)Initial variables S} = 606, S =
581, I* = 10, R* = 8. (b) Variables:S} = 40, S¥ = 20, I* = 1, R* = 1 Parameter
values § = 0.0417,~v = 0.00145, 5, = 0.046 and [y = 0.00007498. Initial values
S, = 103,55, = 24896, 1 = 0, R = 0 and all the parameter values are the same as
in Table 5.2

of all solution trajectories to an endemic steady state E*. This implies that the

pneumocccal pneumonia will continue to propagate in the population with few
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infected individuals. Figure 5.4(b), shows that a unique endemic steady state is
attained in the long run with more infected individuals. This implies that the
pneumococcus bacteria could persist in the population, if no control measures are

instituted to reduce the risks of acquiring the infections.

Figure 5.5(a), shows an exponential decay that is; the family of curves switches

0.8 g0
bl w=0.002%
£ 06 v=0.0019 | 560 ——e=011
= )
g v=0.0039 g —&=03
8 & —s
504 £40
3 ks
g =
e 520
w &
5 , O e
8] 0.5 1 o] 3
Fecovery rate 0 0.5 1
Rate of recovery
(@ (b)

Figure 5.5: Effect of antibiotic resistance awareness and loss of information on
awareness on the control reproduction number

due to the variation of private awareness from an increasing rate of growth to a
decreasing rate, evidently suggesting the eradication of pneumococcus bacteria
because of the presence of antibiotic resistance awareness and treatment.

Figure 5.5(b), shows effect of loss of information about antibiotic resistance aware-
ness. An increase in the loss of information, implies an increase in numbers of
infected individuals and the control reproduction number is high, however, due to
the presence of treatment the disease is always eradicated from the population.
On the other hand, reducing the loss of information implies that more individuals
are aware of the transmission and are able to take control measures of the disease

and reduce its spread.

Overall, a model for the effect of antibiotic resistance awareness and saturated

treatment on the dynamics of pneumococcal pneumonia is developed and analyzed.
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The basic reproduction number, Ry for pneumococcal pneumonia prevalence, the
conditions for existence and uniqueness of the equilibria are found. The result of
Theorem 5.3.1, indicate that if Ry < 1, the disease-free steady state Ej is locally
asymptotically stable. Biologically, this means that pneumococcus bacteria cannot
successfully invade the susceptible population thus, can easily be wiped out as
time increases. This suggests that pneumococcal pneumonia can be controlled by
ensuring Ry is below unity. If Ry > 1, then the disease—free steady state Ej is
unstable, implying that the disease could manifest in the population and more

cases might arise causing an epidemic.

The quadratic-linear and Goh—voltera Lyapunov functionals approaches are used
to prove the global stabilities of the disease-free and endemic steady states respec-

tively. The results show that the endemic steady state is globally stable if Ry > 1.

To control pneumococcal pneumonia the results show that the family of de-
caying curves could help in providing mechanisms to design antibiotic awareness
strategies about antibiotic resistance in order to reduce relapse of pneumococcal
pneumonia. The threshold parameter Ry could be reduced to less than unity if
antibiotic resistance awareness and treatment are implemented simultaneously
to ensure eradication of pneumococcus bacteria. Thus spread of pneumococcus

pneumonia in the population will die out.
The next Chapter, gives the overall conclusion to the study and recommen-

dations that could help in combating the severity of co-infection of IAV and

pneumococcus and the pneumococcal pneumnia in humans.
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CHAPTER 6

CONCLUSION AND
RECOMMENDATIONS

6.1 Conclusion

In this study, it has been found out that influenza A virus and pneumococcus
pathogens interaction with the epithelial target cells, result into acute infection
known as bacterial pneumonia (pneumococcal disease) that is a concern to public
health. The stability of steady states, co—existence and replacement of the two
pathogens in the epithelial cell population calls for serious attention from public
health sectors in order to avoid the 1918/1919 and 2009 pan endemic history

repeating itself.

The models have shown achievement in predicting the outcome of TAV and
pneumococcus co-infection within—host and the manifestation of pneumococcal
pneumonia transmission between—host. The models strongly indicated that the
spread of infection at largely depend on the contact rates with infected individuals
within a population. The maximum number of bacteria an alveolar macrophage
can catch, phagocytosis rate , number of infectious influenza A virus particles
and pneumococcus liberated from lysis of infected cells and infection rates of
pathogens are important parameters during the dynamics of IAV and pneumo-
coccus co—infection. IAV and pneumococcus co—exist with—host affecting each
other and give rise to a bifurcation state. The most virulent pathogen during
the interaction of IAV and pneumococcus with the target cells is identified to be

pneumococcus.
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The model for pneumococcal pneumonia with time delay revealed that time
delays in the latent stage and infected stage (delay by infected individuals to seek
medical attention) during the spread of the disease give rise to Hopf-bifurcations.
Larger delays lead to instabilities of the systems that maintains the infection in
the population. Whereas small delays lead to the stability of the system implying

that the infection can be wiped out in the population.

Pneumococcal pneumonia being a seasonal infection, it causes many death in
children below five years of age and in the elderly. A mathematical model for
pneumococcal pneumonia with antibiotic resistance awareness and saturated treat-
ment revealed that such interventions are paramount in reducing the incidence in
humans. For successful control of the disease in the population, it was found out

that Ry must be maintained below unity.

6.2 Recommendations

The findings from this study will be able to inform health providers, modelers,
decision makers the level at which the co—infection is likely to affect the human
population and devise appropriate policies and interventions to combat the disease.
Health practitioners could develop educational workshops/conferences or training
programmes to educate people about prevention and control strategies of influenza
A and pneumococcal co-infection. Awareness programs through media and pri-
vate awareness make individuals aware about the spread and control of a disease.
Individuals are able to take various precautions (e.g. responding to vaccination
programs, taking preventive medicine, vaccination, and taking medication timely

and social distancing), to reduce their chances of being infected and re—infected
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(relapsing).

For smooth control of pneumococcal pneumonia, there should not be much delay in
seeking medical care by individuals, because there are high chances of individuals
developing severe infections that require costly treatment. Organizing awareness
campaign about antibiotic resistance during co—infections of viral-bacterial epi-

demics could be given priority to avoid persistence of the disease in the population.

This work will act as a podium for further research on ‘viral-bacterial infec-
tions’. Researchers, should devise strategies to decrease the pathogen fitness R;p
to less than unity to help in prevention and control of pneumococcal establishment
in a host that is already infected with influenza A virus. Disseminating up to
date data on viral-bacterial interactions in humans within—host should be given

priority.

6.3 Future research direction

Modeling viral-bacterial dynamics hasn’t been given priority of study, that we
believe new ideas in this study will improve research of infectious diseases. Indeed,
there is much more research in modeling within—host co—infection that arise due
to secondary infections than we could possibly cover here. However, we hope to
have given a representative relish of the most innovative studies. Looking into
the future, there are numerous areas where we feel modeling of within—host of
dual pathogen interaction with an individual’s internal systems can still make
significant contributions. Clearly, as more quantitative data on the human host
cells and immune response, both cellular and humoral, become available, it will

be important to include these in the mechanistic in—host models of influenza A
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virus and pneumococcus co—infection. This will be imperative to clarify the events
during primary infection, and in the selection of appropriate vaccine in humans.
Unifying the with-host and between—host co-infection models will give a better

understanding of the spread of the disease.
Further, since time delays change the stability of dynamical systems it would be

imperative to consider optimal control and cost effectiveness with time delays in

the dynamics of pneumococcal pneumonia.
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APPENDICES

Appendix A1l: Coefficients to polynomial equation (3.37)

he =1, hs = (pob + (@ +6p) — (ko + k3 + ks +ke), ha = Lo+ &, hg = Ly +&3,ha = Lo+ &, hy =
Ly +&,h=1Lo+ &

Ly =ko (kg + ks — (o + 0y) — b + kG) + k3 (k5 — pop + kg — (a + 51;)) + ks (—pop — ke (tob +
ap) + pp(op + 6y) — kaTyny,

L3 = By IyTopnon (ko + k3 + ke + ks) + (ovke (ks — ko + (ap + 0y) — k3) + kopon (o + 04) — ks) —
(ap + ) (—ptop + k) + kaByB* Typny,

Ly = koksks(—pop+ke—(ap+0y))— B4 1o B V¥ Topnuun (ko+ke+ks ) +ke ko (B I Top oy —koks ke (pup+
(ap+0y)) =B S™* Bo B* Tony (—(ap+00) — prop +k3) + BoS ™ Tony (kaTony + B Iy Topnus) + ke ks fop To 1w —
k1mopnon (ke By B* + By B* B3 V™),

L1 = mmp 865 top (0 +84) — BuS™ B I monyTopnon ) (ks + ko) + 85 V¥ Tupnws (k1 Bo B* + ko B3 I ) (ke +
k3) + Toynon By B* (k1ka — koka) (ks + ke) + BuS™ mony (ka By B* Tyt + k1 kaTyny ) + koksks poy (ke —
(ap+0y))— B S™ By B* oy Ton (ks — (ap+0y) ) +hsks ke (ay+0y ) (ko—tews)— By Ly Tup s (k1 By B* Tynp) —
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§a= —(ap + 0y) + keby — (By Twbnwb + BpS™ Tp10)
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Appendix A2: Illustrations of proving Theorem 3.7.4

We note that, function L(X) satisfies

OL(X) 2 S*VE 14ad+bV* ByS*B*19
a(s } = 1 - [1+ﬁa5*+bv*( Bﬁv* ) + ﬂme* ]S*’
OL(X) __ S* ( 1+aS+bV* S* (1+aS*+bV'*
as 1 - (?<1+aas' EENAVE + 1) - §(1+Zs' WAV + 1))
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By equating the R.H.S of model (3.1) to zero we get
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Using system (1) and substituting for A in equation (3.44), we have
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We consider Vertex 2
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We substitute p, [} from system (1) to obtain
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In equation (4) the arithmetic mean is greater than the geometric mean then we

get
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Ly, < BiIIB*(1 —

Suppose we let: I* = I,, and B* = B, then L, = 0 and if we let f(y) =

1—y+1Iny <0 then L, < Bl B*(1 — 2L 4 In LB

T B* T B*
Counsider vertex 3
Ly = (1 - I_> <5bSB = BV I, — Mbh);
b
— BSB+ ALY + i - BVl - P22 (6)

We substitute for /) from system (1) in equation (6) to get

Ly = BySB — w1y — B V™ <1 - K) + ﬁbS*B*(l - égfg)

= (7
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Since the arithmetic mean is greater than the geometric mean then we have

Ly < ﬂbS*B*<1 _ LS5 )

I,S*B*)"

Hence if we let: I = I,,S = S* and V* = V, then Ly = 0. Let f(z) =

1 — 2+ Inx < 0 such that

;B 1;53)

Ly <458 (1-
2 < fy LB LB

Counsider vertex 4

0Ly 1 1y

=1- 10
aIvb Ivb ( )
and
r I;b * *
iy = ( _ I—b) (@JL,V BB~ ,u,,blvb>. (11)
Expanding the expression we get
. LWV I* “1,BI .
Ly = B; 1V + B3 1,B — pp Loy, — Py }’ w b 7 >+ sy, (12)
vb vb
substituting for 7% from system (1) in equation (12), we obtain
. oIV I 1,BI”
Ly = B:LV + Bil,B — oyl + BELV* + BiIEB* — Bl VI B b (13)

Ivb Ivb
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) 1,BI*
- _ b Lo — * _Q* ) *[*B*<1 . U—vb)
L4 (,u bI b ﬁbeV Bb[ B> + 51) v [;B*[Ub
LvI:
*[*v*<1 _ u) 14
+ /B’U b [bV*Ivb ( )

By comparison between the arithmetical and the geometrical means in equa-

tion (14), Ly is negative definite hence

I,BI%,
[:B*1,

LV,

. 15
LiV*1y (15)

Ly < By 1;B*(1 )+ 6.V

Let y = Igg*%b and f(y) =1 —y+1Iny such that f(y) =0 for y =1 and f(y) <1

IgVI:b
IyV* 1y

if y > 1, and let x = such that f(z) =1—2+Inz <0 for z = 1 and
f(x) <0ifz>1.

This implies that

. I,BI* I,BI*
iy < *]*B*(l e B P )
= Gl B 1, “ToB L,
VI VI
vI*V* <1 ) vb 1 b vb ) 16
+ Bl Vi, LV, (16)

Hence Ly = 0 iff I, = I}, V = V* I, = I, and I, = I

v

Counsider vertex 5

oL, _ |, B
oB B’*
is = (1—BB><TB(1—§)+Tbanb—(av—i-éb—l—jztirm]fB)B). (17)

Expanding the equation (17) we obtain

. B YamA B B
- i — (a, B- B*(1 - —) — ]
L5 TB<1 K> +Tbnb[b (Oé +5b+ A—|— hB) T K TpNply B

+ @#5#%)3*. (18)
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We make a substitution of <04U + 0 + %) B* from system (1) to obtain

: B am ; B
Ly = ’rB(l—K>—I—Tbanb—(av—i-éb—i-AZ_hB)B—rB <1—E)

B
K> —I—Tbnb];. (19)

*

— mymply i

+TB*<1 —

Hence simplifying equation (19) yields

Ly = — (B (av + 0 + Z:m;lB> — rB(l — g) — Tbanb)
c (1= 20 %) Fi (125 o)
K

Therefore, using the comparison between the arithmetical and geometrical means
we get

_B *
PUBL) 4 mm (1 — 22

Ls <rB*(1-5)(1- B-(1-L) I’ B

Using the same arguments as in the previous equations we see that Ly = 0 for
B = B* and Ip = I and L5 < 0 by comparison of the arithmetic and geometric
means.

Consider vertex 6

OLs _ |, V"
ov vV’
. V*
L¢ = (1-— 7)(Tvnva + TopNop oy — (ap + 6,)V). (21)

Equation (21) simplifies to

Tvnv[vv* Tvbnvbj'ub‘/>k
V V

+ (ab + 5v)v* (22)

LG = TvnvIv + Tvbnvvab - V<05b + 51}) -
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We substitute (o + 6,)V* from system (1), to have

i v U‘[UV*
LG = Tvnv[v + Tvbnvijb -V B’Lg(ab —+ 51}) _ %
TU n’U [’U V* * *
_ b €/ bV + TUTLUIU =+ Tvbnvijb (23)
that reduces to:
L¢ = —((p + 0,)V — Ty Iy — Topnoplpy) + Tong L5(1 — IIUX/) + Tpnap (1 — \(/IIU:)

Since the arithmetic mean is greater than the geometric mean this implies that;

Ls < ono (1= 857) + Tl (1 — 72

Hence given I, = I, I, = I};, and V = V* | then Le=0and Lg <0

Appendix A3: Detailed mathematical coefficient
terms used in Chapter 4 with corresponding com-

puted values obtained by using parameters from
Table 4.1

Appendix A3(a): Coefficient terms in the transcendental
equation (4.13)

ks = —(a1 + a5 + ag + a1 + a14),
ks = (as(a1 + a5) + a11(as + a1 + ag + a14) + a1a(as + a1 + ag) + a1a5 — aj2a13 — asay),

2 = (a2a4(ag + a1 + a1a) + arpa13(al + as + ag) — aras(ag + ain + a14) — arag(ai + as) —
ai(asag + a1a14) — ais(asag + asa1) + again)),

= (agai1(aras — azaq) + aras(agais + a11a14) — aza4a14(ag + a11) + a12a13(azas — a1as —

arag — asag) + aj1a14(arag + asag)), ko = ag(ai1a1s — a12a13)(azas — ayas),
I3 = —(as+ain+astai+ag), lo = (ar(as+ai+ais)+as(arn+aisa))+(arag—asar+asagtagaiy),
Iy = (azas(ais + a11) — aras(air — aia) — arras(ar — as) + a1z2a13(as + a1)) + (azar(as + air) +
az(asag — agar) — agaii(ar + as) — arasag), lo = (a12a13(azas — a1as) — ay1a14(azay + aras))) +
araii(azas — azas) + agari(aras — azaq)), ms = (a1 + a5 + ag + ai1),

me = (a1a5 — @204 + a1as + a1a11 + asas + asa11 + agai1),

o~

o~

1

my = (a2a4a8 —aiasa11 + 4204011 — a1048011 — 508011 — alasag)),
mo = asai1(a1as — az2a4),n2 = ((as + a11 + a1) + a11614 — a12613 — a2a4),

n1 = (a11(al + as) + a1as — azas),ng = a11(azas — aras)).
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Hence a; = —0.01218, a5 = 5.479 x 1074, a3 = —0.1764, ay = 2.53 x 1075,

as = 0.008057, ag = —0.0003596, a7y = 0.0101, ag = 445, a1p = 0.005455,a1; = —0.01302,
a2 = 0.0003596, a13 = 0.01096, a14 = —0.03777,a15 = —0.3319, a1 = 0.33196,

a7 = 0.3279, ks = —0.07308, ks = 0.001759, k; = —0.00008172, k1 = 0.0005897,

ko =9.8337 1 I3 = —445.2, 1, = —14.81, —1.1915, l; = —0.0005686, m3 = —0.03531,

me = 0.0004299, m; = 0.00006202, mg = 00002674, ny = —0.3277, n1 = 0.0003616,

ng = 0.000001277.

Appendix A3(b): Coefficient terms in the characteristic
equation (4.14)

b4 = k4+")/+5,b3 = k3+lg"}/+m35,b2 = k2+127+m25+n2’y5,b1 = kl +ll’y+m15+n1’y§,
bo = Loy + mod + ng7d, hence by = 0.7364, by = —148.4007, by = —4.9408,b; = —0.3965, by =
—0.0001806.

Appendix A3(c): Coefficient terms in equation (4.25)

Ay = (p3 — p*7*0%qu — 2p3), Az = (2p1 + p3 — 2paps — P*7¥0? (43 — 2quq2)),

Az = (p3 — 2p1p2 — P*7?0°% (20440 + @3 — 201G3)), A1 = p1 — P*V*6%(q1 — 2q2q0),
Ao = —q3p*+?0?,

hence Ay = 296.9, A3 = 22018, Ay = 0.3754, A; = —0.3966, Ay = —2585 x 10~1,

Appendix A3(d): Coefficient terms in Transversality condi-
tion of equation 4.29

do = wa,Ta, f1 = bwi, — (Bpsw3, + p1), fo = 4paw3, — 2pawa,, f3 = 2pawa, — dpsws
fa = bwy, — 3psw3,, g1 = pyd(gzws, — w3, ), g2 = pyO(qaws, + qows, — qaw3,),

f5 = @1 + 22w, — (3gzw3, + 4qaws ),

hence

p = 0.9939, ps — 0.4064, ps — —148.4, py — 0.3333, py = —0.3966, po = —0.0001895,
ga = 0.3279. g3 = 0.6280, g» = —0.003463, g1 — 0.00004153, g = 0.00002672,
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Appendix A3(e): Critical value for seeking medical care 7,

By applying L’Hopitals rule to the arccos function of equation (4.27), let

(p2w3 —pawy —po)(qaws —q2w3 +q0)+(g3w3 —qrws)) (p3wy —ws —prwa)

y = arccos(Z), Z = :

Py | (qaw3 —q2w3 +q0)? —(q1w2, —gsw3 )

dly) _ (@paway—4pawd —po)(qaws, —qaw3 +qo)+(p2w3, —paws —po)(dgaws —2g2wa)

dws,
0 pYd <2((I4w4*(J2w2+(J0))(4614103*2Q2w)*2(!h w—g3w3)(q1—3gzw?)V 1*ZQ>

(psw3 —w3 —p1wa, ) (3gsw3 —q1)+(g3w3 —q1w)(3psw3 —5wy —p1)

— =0.174

pYd <2(q4w‘2‘0 —qaw3 +q0)) (4qaw3 | —2q2w2, ) —2(q1 w2, —q3w3 ) (91 —3gsw3 )V 1—22)

Appendix A4: Matlab codes used in simulations

Appendix A4(a): Matlab codes for figures in Chapter 3

function mbabazil()

clear all;

clc;

lambda = 103;
mul=0.0625;

mu2 = 8.9 107 1;
nl = 1.0 * 10%;
a=0.001;

b=0.002;

betal = 2.7 %107 5;
delt1=4;

alp2 = 3.2 % 10~ 4;
taul =1.2x1071;

r=27;

tau2 = 1.1 %107 2;
K =23%107;
gamma=1.25;
m=400;

delt2 = 3.2%1071;
alpl =107 1;

n2 = 10%;

h=5.0;

A = 108;
beta2=0.012;

mud = 1.34 %107 1;
mud = 5.2 % 107 10;
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taud = 2.4 %107 3;

n3-25.1;

beta3 = 7.3 * 10~ 8;

betad = 4.1 x 107 6;

options=odeset(’RelTol’,1074," AbsTol’,[1074;1074;1074; 10 4; 10~ 4; 10~ 4));
[T,y] = oded5(@Qpnemaodel, [08], [4.8 * 10%; 10; 1; 10; 10%; 107] ,options)
figure(10)

hold on

plot(T,abs(log(y(:,4))),’b’, linewidth’,1)

hold off

xlabel("Time,t/days’);ylabel(’Co-infected cell populaton/log-scale’);
Yofigure(11)

%hold on

%plot(T,y(:,4),r’, linewidth’,1)

%hold off

%xlabel("Time,t/days’);ylabel("Co-infected cell populaton’);
%ofigure(1)

%hold on

%plot(T,abs(log(y(:,1))),r’, linewidth’,1)
%plot(T,abs(log(y(:,4))),’g’,T,abs(log(y(:,5))),’b’, T,abs(log(y(:,6))),’r’, linewidth’,1)
%%xlabel("Time,t/days’);ylabel(’ infected cell population/log-scale’);
%ofigure(2)

%hold on

%plot(T,y(:,1),’b’, linewidth’,1)
%oplot(T,abs(log(y(:,1))),’r", T,abs(log(y(:,4))),’ ", T,abs(log(y(:,3))),’y’, T,abs(log(y(:,2))), -, linewidth’,1)
%hold off

%xlabel("Time,t/days’);ylabel(’ uninfected cell population/log-scale’);
%figure(3)

%hold on
%plot(T,abs(log(y(:,4))), b’ T,abs(log(y(:,1))),’r’, linewidth’,1)
%hold off

%xlabel("Time,t/days’);ylabel(’ cell population’);

Yofigure(4)

%hold on

Y%plot(T,y(:,4), v, T,y(:,1),’b’, linewidth’,1)

%hold off

%xlabel("Time,t/days’);ylabel(’cell population’);

%figure(5)

%hold on

Yoplot(y(:,5), y(:,6),’b’linewidth’,1)

%hold off

%xlabel("Density of pneumococcal’);ylabel("Density of IAV’);
%figure(6)

%hold on

%oplot(y(:,5), y(:,6),’r’, linewidth’,1)
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%hold off

%ylabel("Density of pneumococcal’);xlabel("Density of IAV’);
%figure(8)

%hold on
%oplot(T,y(:,1),r",T,y(:,4),’b", T,y(:,3),’y’, T,y (:,2),’g’, linewidth’,1)
%hold off

%xlabel("Time,t/days’);ylabel(’cell population’);

%figure(10)

%hold on
%plot(T,abs(log(y(:,4))),’ b’ T,abs(log(y(:,3))),’r’,T,abs(log(y(:,2))),’s’, linewidth’,1)
%hold off

%xlabel("Time,t/days’);ylabel(cell population/log-scale’);
%figure(12)

%hold on

%plot(T,abs(log(y(:,3))),’ b’ linewidth’,1)

%hold off

%xlabel("Time,t/days’);ylabel("Density of newly infected cells/log-scale’);
%xlabel("Time,t/days’);ylabel("cell population/log-scale’);

%figure(2)

%plot(abs(log(y(:,5))), abs(log(y(:,6))),’r’, linewidth’,1)
Y%ylabel("Density of SP/log-scale’);xlabel("Density of IAV /log-scale’);
Y%ofigure(2)

%hold on

%plot(T,y(:,2),’b’, T,y(:,3),’r",T,y(:,4),’g’, linewidth’,1)

%hold off

%xlabel("Time,t/days’);ylabel(’ cell population’);

%figure(2)

%hold on
%plot(T,abs(log(y(:,4))),’b’,T,abs(log(y(:,1))),’r’, linewidth’,1)

%hold off

Y%xlabel("Time,t/days’);ylabel(’ cell population’);

%ofigure(3)

%hold on

%plot(T,abs(log(y(:,5))),’b’, T,abs(log(y(:,1))),’r’,T,abs(log(y(:,6))),’s’, linewidth’,1)
%hold off

%oxlabel("Time,t/days’);ylabel(’ cell population/log-scale ’);
Y%figure(4)

%hold on
%plot(T,abs(log(y(:,1))),’r’,T,abs(log(y(:,4))),’b’, linewidth’,1)

%hold off

%oxlabel("Time,t/days’);ylabel(’ cell population/log-scale’);
Y%figure(5)

%hold on
%plot(T,abs(log(y(:,1))),’r’,T,abs(log(y(:,4))),b’, T,abs(log(y(:,3))),’y’, T,abs(log(y(:,2))), ", linewidth’,1)
%hold off
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%xlabel("Time,t/days’);ylabel(’ cell population/log-scale );
%ofigure(2)

%hold on

%plot(T,y(:,4),’b’, linewidth’,1)

%hold off %xlabel("Time,t/days’);ylabel('coinfected cells, I,b(t)’);
%figure(3)

%hold on

%plot(T,y(:,5),’b’, T,y(:,5),’¢’, T,y(:,1),’r’, linewidth’,1)

%hold off

%xlabel("uninfected,S(t)’);ylabel "Proportion of cells infected with , B(t) and B(t)’);
%figure(3)

%hold on

%plot(T, y(:,2),’r’, linewidth’;1)

%hold off

%xlabel("Time,t/hours’);ylabel("Proportion of cells infected with TAV, I,(¢)’);
Y%figure(3)

%hold on

%plot (T,y(:,1), 1", T,y(:,4), b, linewidth’, 1)

%hold off

%xlabel("Time,t/hours’);ylabel("Proportion of cells, S(t) and Ivb(t)’)
function dy=pnemodel(t,y)

dy=zeros(6,1);

dy(l) = lambda — (betal x*y(1) xy(6))./(1+a*xy(1) + bxy(6)) — beta2 x y(1) x y(5) — mul x y(1);
dy(2) = (betal x y(1) * y(6))./(1 + @ x y(1) + b y(6)) — betad » y(5) x y(2) — mu2 x y(2);
dy(3) = beta2 * y(1) * y(5) — mu3 * y(3) — beta3d x y(6) * y(3);
dy(4) = betad x y(5) x y(2) + betad * y(6) * y(3) — mud x y(4);
dy(5) = rxy(5) * (1 — y(5)./K) + tau2 * n2 x y(3) — (gamma x m * A x y(5))./A + h x y(5) —

(alpl + delt2) x y(5);
dy(6) = taul * nl xy(2) + y(4) * n3 * taud — (alp2 + deltl) x y(6);
end

end

Appendix A4(b): dde23 codes for figures in Chapter 4

function DFE()

clear all;

clc;

nu = 2.53 x 107 2;

b= 22;

beta = 1.0102 % 10~ 5;
mu = 2.0547 % 10~ 3;
zeta = 5.4794 x 10~ 4;
gamma = 3.3333 x 10 2;
rho = 0.01096 % 10~ 2;
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phi = 3.57144 %« 10~ 1,

vartheta = 5.4 %« 107 1;

delt = 0.033;

options = odeset(' RelTol’,10~4," AbsTol’,[1074;1074;1074;1074; 107 4));
[T, y] = oded5(@pnemodel, [0400], [10604; 103; 0; 0; 0], options)
figure(2)

hold on

plot(T,y(:, 1),/ ', T, y(:,2), ',/ linewidth’, 1);

hold off

xlabel("Time/days’);ylabel("Population Size’)

function dy =pnemodel(t, y)

dy = zeros(5,1);

dy(1) = b+ zeta x y(2) + phi * y(5) — (nu + mu + beta x y(5)) * y(1);
);

=

(1) ) *y(1)
y(2) = nu* y(1) — (mu + zeta) * y(2) — beta * vartheta * y(5) * y(2
y(3) = beta x y(5) + y(1) — (gamma + mu) * y(3);

(4)

(5) =

=

dy(4) = beta * vartheta x y(5) * y(2) — (rho + mu) * y(4);
dy(5) = rho x y(4) + gamma * y(3) — (delt + mu + phi) * y(5);
end

end

{driver for figure 3
sol = dde23(’ figure3', 1,[3280, 30, 10, 10, 100], [0, 200]);

V = sol.y;
V(L,:);
y2 = (2a )v
y3="V(3,:);
yd =V(4,);
y5 =V (5,:);

plot(sol.z, y1," r')
plot(y1,y5);}

function v = figure3(t, y, Z)
ylagl=7(:,1);

v=zeros(5,1);

nu = 2.53 x 107 5;

b= 22;

betar = 1.0102 %« 10~ 4;

mu = 2.0547 % 10~ 3;

xt = 5.4794 %« 10~ 4;

gamma = 3.3333 x 107 1;
rho = 0.01096;

phi = 3.5714 % 10~ 2;

taul = 1;

vartheta = 5.4 %107 1;
delta = 0.33;

v(l) = b+ zi xy(2) 4+ phi x y(5) — (nu + mu + betar x y(5)) *x y(1);
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v(2) = nuxy(1) — (mu + i) * y(2) — betar * vartheta x y(5) = y(2);

v(3) = betar x y(5) * y(1) — gamma x exp(—mu x taul) * Z(3,1) — mu * y(3);

v(4) = betar x vartheta * y(5) * y(2) — (rho + mu) * y(4);

v(5) = rho x y(4) + gamma * exp(—mu * taul) * Z(3,1) — (delta + mu + phi) x y(5);

{driver for figure 4
sol=dde(fulgef2’, ’2’, [106, 10, 1, 1, 5], [0, 100]);

V = sol.y;

yl =V(1,:);
y2 =V(2,:);
y3 =V (3,1);
yd =V (4,:);
y5 =V (5,1);

plot(sol.z, sol.y(5,:), v,/ LineWidth',1.5);

functionv = fulgef2(t,y, Z)

ylag2=7(:,2);

v=zeros(5,1);

nu = 2.53 x 107 5;

b= 22;

betar = 1.0102 % 10~ 3;

mu = 2.0547 % 10~ 3;

xt = 5.4794 %« 10~ 4;

gamma = 3.3333 x 107 1;

rho = 1.096 * 10~ 2;

phi = 3.5714 % 10~2;

tau2 = 2;

vartheta = 5.4 %107 1;

delta = 3.3 % 107 1;

function dy = pnemodel(t,y)

y = zeros(5,1);

dy(1) = b+ xi xy(2) + phi * y(5) — (nu + mu + betar x y(5)) * y(1);
y(2) = nu*y(1) — (mu + i) * y(2) — betar * vartheta = y(5) * y(2);

dy(2) =

dy(3) = betar * y(5) * y(1) — gamma * y(3) — mu * y(3);

dy(4) = betar x vartheta = y(5) * y(2) — (rho + mu) x y(4);

dy(5) = rho x y(4) + gamma * y(3) — delta * exp(—mu * tau2) * y(5) — (mu + phi) * y(5);
end

end

{driver for figure 4
sol=dde23(’figure3’, [23],[3280, 22, 100, 5, 11], [0, 4000])

V = sol.y;

yl =V(1,:);
y2 =V (2,:);
y3 =V (3,:);
yd=V(4,:);
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yd = V(5’ :);

plot3(sol.z;, y1, y5,” b, LineWidth’,1)}
function v = figure3(t, y, Z)
ylagl=Z7(:,1);

ylag2=7(:,2);

v=zeros(5,1);

nu = 2.53 x 107 5;

b= 22;

betar = 1.0102 % 10~ 4;

mu = 2.0547 % 107 4;

wi = 5.4794 % 10~ 4;

gamma = 3.3333 x 107 1;

rho = 0.01096;

phi = 3.5714 % 10~2;

taul = 2;

tau2 = 3;

vartheta = 5.4 %107 1;

delta = 0.33;

v(l) = b+ zi *y(2) 4+ phi * y(5) — (nu + mu + betar x y(5)) * y(1);

v(2) = nux y(1) — (mu + xi) x y(2) — betar x vartheta * y(5) * y(2);

v(3) = betar x y(5) * y(1) — gammaexp(—mu * taul) * Z(3,1) — mu * y(3);

(
(
v(4) = betar x vartheta * y(5) * y(2) — (rho + mu) * y(4);
v(5) = rho x y(4) + gamma * exp(—mu * taul) * Z(3,1)

— delta * exp(—mu * tau2) *x Z(5,2) — (mu + phi) * y(5);

{driver for figure 5
sol=dde23("figure5’,[22], [2099, 6, 54, 2, 100], [0, 3000])

plot3(y1, y2, y5)}
function v = figure5(t, y, Z)
ylagl=Z7(:,1);
ylag2=7(:,2);
v=zeros(5,1);

nu = 2.53 x 107 5;

b= 22;

betar = 1.0102 %« 10~ 4;
mu = 2.0547 % 10~ 3;

xt = 5.4794 %« 10~ 4;
gamma = 3.3333 x 107 1;
rho = 1.096 * 10~ 2;
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phi = 3.5714 % 10~ 2;

taul = 2;

tau2 = 3;

vartheta = 5.4 %« 107 1;
delta = 0.33;

v(1) = b+ xi x y(2) + phi x y(5) — (nu + mu + betar * y(5)) * y(1);

(2) = nu*y(1) — (mu + xi) * y(2) — betar x vartheta x y(5) * y(2);

v(3) = betar * y(5) * y(1) — gamma * exp(—mu * taul) * Z(3,1) — mu * y(3);
(
(

<

v(4) = betar x vartheta * y(5) * y(2) — (rho + mu) * y(4);
v(5) = rho x y(4) + gamma x exp(—mu x taul) * Z(3,1)
— delta * exp(—mu * tau2) * Z(5,2) — (mu + phi) * y(5);

{driver for figure 5
sol=dde23(‘figurel0’, [0.5 2], [3280, 20, 20, 8, 10], [0,4000])

plot(yl,y5)}

function v = figurelO(t, y, Z)

ylagl=7(:,1); ylag2=7(:,2); v=zeros(5,1); nu = 2.53 x 10~ 5;

b= 22;

betar = 1.0102 % 10~ 4;

mu = 2.0547 % 10~ 3;

xt = 5.4794 % 10~ 4;

gamma = 3.3333 x 107 1;

rho = 1.096 * 10~ 2;

phi = 3.5714 % 10~2;

taul = 0.5;

tau2 = 2;

vartheta = 5.4 %107 1;

delta = 0.33;

v(l) = b+ xi xy(2) 4+ phi * y(5) — (nu 4+ mu + betar x y(5)) * y(1);
v(2) = nux y(1) — (mu + xi) x y(2) — betar * vartheta * y(5) * y(2);
(3) = betar « y(5) * y(1) — gamma * exp(—mu * taul) * Z(3,1) — mu * y(3);
v(4) = betar x vartheta * y(5) * y(2) — (rho + mu) * y(4);

v(5) = rho x y(4) + gamma * exp(—mu * taul) * Z(3,1)

— delta * exp(—mu * tau2) *x Z(5,2) — (mu + phi) * y(5);

v

{driver for figure 5
sol=dde23(figurel4,’3’,[10, 5, 5, 2, 4, 2], [0,14])
V=sol.y;

y1=V(1,);
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plot3(sol.x,y1,y5,’r’, LineWidth’,2)
hold off}

function v = figureld(t, y, Z)
ylag2=7(:,2);

v=zeros(5,1);

nu = 2.53 x 107 5;

b= 22;

betar = 1.0102 % 10~ 4;

mu = 2.0547 % 10~ 3;

2i = 5.4794 % 10~ 4;

gamma = 3.3333 x 107 1;

rho =1.096 * 10~ 2;

phi = 3.5714 % 10~ 3;

tau2 = 3;

vartheta = 5.4 %107 1;

delta = 0.33;

v(1) = b+ xi x y(2) + phi x y(5) — (nu + mu + betar = y(5)) * y(1);
v(2) = nux y(1) — (mu + xi) x y(2) — betar * vartheta x y(5) * y(2);
v(3) = betar x y(5) * y(1) — (gamma + mu) * y(3);

v(4) = betar * vartheta * y(5) x y(2) — (rho + mu) * y(4);

v(5) = rho x y(4) + gamma * y(3) — delta x exp(—mu x tau2) * Z(5,2)

— (mu + phi) * y(5);

{driver for figure 5
sol=dde23(’figure30’, [1.5 1.5], [5586, 22, 11, 64, 100], [0,4000])

plot(y1,y5)}

function v = figure30(t, y, Z) ylagl=Z7(:,1); ylag2=7%(:,2); v=zeros(5,1); nu = 2.53 x 10~ 5;
b =22;

betar = 1.0102 %« 10~ 4;

mu = 2.0547 % 107 4;

xt = 5.4794 %« 10~ 4;

gamma = 3.3333 x 107 1;

rho = 1.096 * 10~ 2;
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phi = 3.5714 % 107 1;

taul = 1.5;

tau2 = 1.5;

vartheta = 5.4 %« 107 1;

delta = 0.33;

v(1) = b+ xi x y(2) + phi x y(5) — (nu + mu + betar * y(5)) * y(1);

v(2) = nu* y(1) — (mu + x1) * y(2) — betar * vartheta * y(5) * y(2);

v(3) = betar * y(5) * y(1) — gamma * exp(—mu * taul) * Z(3,1) — mu * y(3);

v(4) = betar x vartheta * y(5) * y(2) — (rho + mu) * y(4);

v(5) = rho * y(4) + gamma x exp(—mu x taul) x Z(3,1) — delta x exp(—mu * tau2) * Z(5,2) —

(mu + phi) * y(5);

Appendix A4(c): Matlab codes for figures in Chapter 5

function DFE3()

clear all;

clc;

A =5;

beta =0.0147;

beta2 = 0.7498¢ — 5;

betal=0.046;

mu =0.0002;

delta=0.1;

gamma = 1.45 % 107 2;

m=0.5;

phi —0.9;

tau =0.2703;

p—0.001;

xi=0.3;

upsilon=0.0039;

options=odeset('RelTol’,10~4," AbsTol’,[10~4;1074;10~4; 10~ 4));

[T, y] = oded5(@pnemodel, [0100], [200; 300; 20; 20], options)

figure(3)

hold on

plot(y(:,1),y(:,3), 'r’,’linewidth’,0.5)

hold off

xlabel("Unaware susceptible’);ylabel('Infected’)

function dy=pnemodel(t,y)

dy=zeros(4,1);

dy(1) = A+ xi*y(2) — y(1) = (beta x y(3) — betal * m * y(3)/(m + y(3)))
— upsilon * y(1) x y(3) — mu x y(1);

dy(2) = upsilon = y(1) x y(3) — mu = y(1) + (1 — p) x phi = y(3) /(1 + tau = y(3))
— (beta2 * y(3) + xi + mu) * y(2);

dy(3) = y(1) * (beta * y(3) — betal x m * y(3)/(m + y(3))) + beta2 * y(3) * y(2)
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+ gamma x y(4) — phi x y(3) /(1 + tau x y(3)) — (mu + delta) * y(3);
dy(4) = p* phi * y(3)/(1 + tau x y(3)) — (gamma + mu) * y(4);
end

end

function mbabazi()

clear all;

clc;

A =5;

beta = 0.046 * 107 1;

beta2=0.0000749;

betal=0.0046;

mu =0.0002;

delta=0.1;

gamma = 1.45 % 107 2;

m=0.65;

phi =0.9;

tau =0.24;

p=0.02;

xi=0.3;

upsilon=0.0029;

options=odeset("RelTol’,10~4," AbsTol’,[10~4;1074; 10~ 4; 10~ 4));

[T, y] = oded5(@pnemodel, [0100], [20; 500; 20; 10], options)

figure(1)

hold on

plot(T,abs(log(y(:,4))),’r’, linewidth’,2);

hold off

xlabel("Time/days’);ylabel(’ Population size’)

%plot( T,abs(log(y(:,1))),b’,T,abs(log(y(:,2))),’y’, T, abs(log(y(:, 3))),’k’, T, abs(log(y(:, 4))),’’, linewidth’,0.5)
%plot(T,abs(log(v(:,1))),’b’, T, y(:, 2),'r’)T, y(:,3),’g’, T, y(:, 4),’p’ linewidth’1);
%ofigure(2)

%hold on

Joplot3( y(:,4),y(:2),y(:,1) );

%plot(T,y(:,1),’b", T, y(:,2),r")

%oplot(T,y(:,2),b", T, y(:, 5),r’, T,y(:,1),’g’, linewidth’,0.5);

%hold off

%xlabel("Time/days’);ylabel("Infected popn, I’)

%xlabel("Time/days’);ylabel ("vaccinated, V?)

function dy=pnemodel(t,y)

dy=zeros(4,1);

dy(1) = A+ xi*y(2) — y(1) = (beta x y(3) — betal * m * y(3)/(m + y(3)))

— upsilon * y(1) x y(3) — mu x y(1);

dy(2) = upsilon * y(1) * y(3) — mu x y(1) + (1 — p) * phi = y(3)/(1 + tau * y(3))
— (beta2 * y(3) + xi + mu) * y(2);

dy(3) = y(1) * (beta * y(3) — betal x m * y(3)/(m + y(3))) + beta2 * y(3) * y(2)
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+ gamma x y(4) — phi x y(3) /(1 + tau x y(3)) — (mu + delta) * y(3);
dy(4) = p* phi * y(3)/(1 + tau x y(3)) — (gamma + mu) * y(4);
end

end
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